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ABSTRACT
A glass is conventionally obtained by cooling a bulk supercooled liquid through its glass transition temperature. The discovery of ultrastable 

glasses prepared using physical vapor deposition, together with the recent multiplication of numerical algorithms created to increase the 

stability of glasses, demonstrates the existence of a variety of strategies for designing glasses with different physical properties. This raises a 

broader question: which parameters most strongly govern the enhancement of glass stability? Existing computational strategies often produce 

highly stable glasses by optimizing certain physical properties through dynamical changes in particle diameters. We challenge the idea that 

these physical quantities are causally responsible for glass stability and suggest instead that diameter dynamics is the principal source of 

enhanced stability. To support our view, we introduce computational methods to optimize physical quantities without changing the particle 

diameters. Using the examples of enhanced hyperuniformity at a large scale and local ordering at a small scale, we design glass configurations 

with highly optimized values compared to bulk equilibrium states. However, these glasses do not show enhanced stability. The proposed 

physical quantities are correlated with glass stability but are not causally responsible for ultrastability. These findings indicate that design 

rules for stable glasses should be reinterpreted in terms of the dynamical processes that generate stability, rather than the optimized physical 

quantities they target.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0344867

I. INTRODUCTION

Glasses are amorphous solids that form when a liquid is cooled 

sufficiently rapidly to avoid crystallization. 

1 They display mechani-
cal and dynamical properties that depend sensitively on their prepa-
ration history, such as, for instance, the cooling rate. As a result, glass 

formation is not a uniquely defined process but should rather be seen 

as a broad class of non-equilibrium pathways leading to arrested 

amorphous states with varying degrees of stability.
By far, the most common route to glass formation con-

sists of cooling a supercooled liquid through its glass transition 

temperature. 

2,3 In this case, the system falls out of equilibrium when 

the structural relaxation time becomes larger than the experimen-
tal or numerical observation time. The resulting glass is, therefore, 

kinetically trapped, and its properties depend mainly on the rate of 

cooling. In particular, slower cooling generally leads to more stable

glasses that access deeper states in the potential energy landscape. It 

is, however, difficult to vary the preparation timescale over a suffi-
ciently broad range to drastically change the physical properties in a 

controlled way.
In recent years, it has been shown that significantly more sta-

ble glassy states can be obtained using alternative design strategies. 

Experimental advances, most notably physical vapor deposition, 

4–6 

have demonstrated the possibility of producing glasses with prop-
erties comparable to those of extremely slowly aged systems. In 

parallel, numerical developments have introduced a range of com-
putational design strategies that similarly aim at increasing glass 

stability by modifying the dynamical rules or sampling procedures 

used during preparation. 

7–9 These recent developments indicate 

that glass stability can in fact be substantially enhanced when the 

system is adequately guided toward deeper regions of its energy 

landscape.
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A wide variety of design strategies for stable glasses has 

emerged, often combining several modifications of microscopic 

dynamics or sampling protocols. 

10–20 These design strategies typi-
cally achieve their goal of producing more stable glasses, but they 

do so through complex and sometimes intertwined procedures. As 

a consequence, it is difficult to identify which elements of these 

design strategies are most relevant for achieving increased glass 

stability. In particular, several physical quantities have been system-
atically optimized across different strategies, 

10,12,13,15–18,20 leading 

to the hypothesis that they may play a central role in controlling
stability. 

These results raise a more general question about the identi-
fication of the relevant parameters underlying design strategies for 

stable glasses. 

21 In particular, we note that while many studies report 

correlations between specific observables and glass stability, it is not 

clear whether these quantities act as causal control parameters or 

whether they simply reflect the outcome of the dynamical processes 

used to generate stable configurations. It is, for instance, puzzling 

that different design strategies may lead to similar improvements in 

stability while targeting quite distinct sets of observables. This could 

suggest that these observables either do not constitute independent 

control parameters or, even more radically, that they do not control 

glass stability at all.
In this work, we revisit computational design strategies for sta-

ble glasses to disentangle the role of dynamical modifications and 

optimized properties, which appear as common ingredients across 

several strategies. To this end, we introduce controlled computa-
tional methods that allow us to optimize selected physical quantities 

while keeping the underlying particle identities and particle diame-
ters fixed. This enables us to separate the effect of optimized observ-
ables from that of the dynamical processes used to generate them. 

Using two representative examples, involving enhanced hyperuni-
formity at large length scales 

22 and increased local structural order 

at small length scales, 

23 we construct glass configurations in which 

these quantities are strongly optimized compared to equilibrium 

bulk states. However, despite these significant changes in structural 

observables, we do not observe a corresponding increase in glass 

stability. These results indicate that stable glasses have optimized 

physical quantities, but the opposite is not true: configurations with 

enhanced properties do not necessarily display ultrastability. These 

quantities are thus correlated with glass stability but are not causally 

responsible for it.
We interpret these results to mean that the applied optimiza-

tions merely reorganize the local structure within the original glassy 

basin. While the arrested states possess sufficient internal degrees of 

freedom to allow structural properties to be optimized, these local 

rearrangements are not enough to drive the system toward deeper, 

more stable regions of the energy landscape.
Overall, our results suggest that the effectiveness of several 

design strategies for stable glasses arises from the underlying dynam-
ical processes used to generate low-energy configurations rather 

than from the choice of a specific observable chosen to be optimized. 

This is a reasonable conclusion: provided that these quantities are 

sufficiently correlated to the potential energy, optimizing them has 

an effect similar to optimizing the energy itself. This conclusion 

points toward a unified interpretation of design strategies for sta-
ble glasses in terms of their underlying dynamical mechanisms

rather than in terms of the particular physical quantities they aim 

to optimize.
In Sec. II, we define the chosen numerical model and study its 

bulk properties. In Sec. III, we devise a numerical strategy to enhance 

hyperuniformity of density fluctuations at a large scale. In Sec. IV, 

we use biased Monte Carlo simulations to enhance a local packing 

property. We summarize and discuss our results in Sec. V.

II. NUMERICAL MODEL AND ITS BULK PROPERTIES
A. Glass model and local Monte Carlo simulations

We study a two-dimensional model of hard disks using a binary 

distribution of diameters with diameter ratio 1:1.4 and composi-
tion ratio 65:35. We set the diameter of the smaller particles as our 

unit of length. This model is convenient for our purposes because 

it is an excellent glass-former (it does not crystallize easily), it is 

easy to simulate using conventional Monte Carlo methods, 

24 and the 

aspect ratio is such that swap Monte Carlo techniques 

25–27 cannot be 

used for this model (swap moves are essentially all rejected). There 

exists, therefore, no known method to provide highly stable config-
urations for this model, and only conventional numerical tools are 

available. It is thus a good model to benchmark non-conventional 

design rules for stable glasses against conventional local Monte Carlo 

methods.
We use local Monte Carlo translational moves to study the 

equilibrium properties of the model. 

28 In this approach, particles 

are chosen sequentially, and a small translation is proposed within 

a square box of linear size δ = 0.1. These moves are accepted if they 

create no overlap. This local Monte Carlo algorithm satisfies detailed 

balance and samples the equilibrium Boltzmann distribution. We 

use NPT Monte Carlo simulations using N = 1000 particles in a box 

of linear size L that varies dynamically by small amounts to keep 

the imposed pressure P to the desired constant, again using volume 

changes that satisfy detailed balance. 

24

At a given imposed pressure P, we can measure the pack-
ing fraction ϕ = πσ 

2 N/(4L 

2 

), where the overline is an average over 

the size distribution. The packing fraction is proportional to the 

number density ρ = N/L 

2 , and it is dimensionless. Similarly, it is 

convenient to define the compressibility factor (or reduced pressure) 

Z = P/(ρk B 

T), because it is proportional to the imposed pressure P 

but is also dimensionless. The relation between Z and ϕ defines the 

pressure-density equation of state, Z = Z(ϕ), using the dimension-
less variables that are most appropriate for hard disks. Because P and 

T only enter as a ratio P/T for hard particles, changing P at con-
stant T or changing T at constant P are equivalent procedures, so 

that 1/Z ∼ T/P is equivalent to temperature for a system with soft 

interactions. 

29 For each Z value, we perform Monte Carlo simula-
tions until thermal equilibrium is reached. We then measure static 

and dynamic properties, as reported below. For dynamic properties, 

we define the time unit as N attempts to perform a local Monte Carlo 

move.

B. Equilibrium slow dynamics
We start by investigating the equilibrium dynamics of the 

system to determine over which density regime it displays an
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interesting glassy regime. To this end, we determine the self-
intermediate scattering function,

Fs(q, t) =
1
N
⟨∑

i
eiq⋅(ri(t)−r i 

(0)) 

⟩, (1)

where q = ∣q∣ ≈ 6.1 is chosen near the first peak of the static structure 

factor, r i 
(t) represents the position of particle i at time t, and the 

brackets represent an ensemble average. The sum is over all particles, 

independently of their size.
We show in Fig. 1(a) the time evolution of F s 

(q, t) for a range 

of Z values from Z ≈ 15 to Z ≈ 29. Above Z ≈ 20, which corresponds 

to the onset of slow dynamics, we observe the well-known two-step 

decay of time correlation functions, with a slow decay at long times

FIG. 1. Equilibrium slow dynamics of the bulk model. (a) Self-intermediate scat-
tering function F s 

(q, t) at different values of the reduced pressure Z measured 

from NPT simulations, from Z = 15 to Z = 28.8 (from left to right). (b) Pressure 

evolution of the relaxation time τ α 
as a function of Z ∼ P/T , in a plot similar to 

the conventional Arrhenius plot for systems with soft interactions. The dashed line 

shows Arrhenius behavior at low pressures (high temperatures), locating the onset 

of slow dynamics near Z ≈ 20. The full line is a fit to a parabolic law. Both quantities 

display typical signatures of glassy dynamics as Z increases (T decreases).

that is very sensitive to the pressure Z. Above Z ≈ 29, the relaxation 

is too slow, and equilibration and equilibrium sampling become 

difficult within a reasonable computer time.
We extract a structural relaxation time τ α 

from the time decay 

of the self-intermediate scattering function, using the definition 

F s 
(q, t = τ α 

) = 1/e. We represent its evolution with pressure Z in 

Fig. 1(b). Because Z ∼ P/T, this representation is analogous to an 

Arrhenius plot for systems with soft pair interactions. 

29 We observe 

that the onset for slow dynamics is near Z ≈ 20, above which the 

data depart from a low-pressure Arrhenius behavior, while equi-
libration becomes challenging above Z ≈ 29. The narrow range of 

Z = 20–29 is the relevant regime where the system painfully tries to 

access deeper states in the potential energy landscape, and the struc-
tural relaxation time grows by a factor of ≈10 

5 over this relevant 

range of pressures. This dynamic range directly dictates the range of 

glass stabilities that can be obtained using conventional computation 

methods for a simple glass-forming model. These different stabilities 

will serve as a benchmark to assess the effect of optimizing struc-
tural properties. We also add a parabolic fit 

30 description of the data 

in the slow relaxation regime. This shows that the model displays, 

in this dynamic range, the behavior of fragile glasses. Below, we will 

also use this parabolic fit to estimate timescales for larger pressures, 

where direct simulations are no longer possible. 

31

For the largest pressure, Z = 28.8, simulations were equilibrated 

for 10 

10 steps prior to measuring the intermediate scattering func-
tion, corresponding to roughly 10 times the measured relaxation 

time (τ α 
≈ 2 × 10 

9 

). The time correlation was further averaged over 

subsequent production runs of the same duration without reveal-
ing any drift, confirming that the system is still close to equilibrium, 

although admittedly we are on the border of the equilibration 

window.

C. Some static bulk properties
In the course of equilibrium simulations, we measure the static 

structure factors, the isothermal compressibility, and the local pack-
ing order parameter Θ that will be used later as targeted properties 

for designing non-equilibrium glassy states.
To detect hyperuniformity 

22 at large length scales in a binary 

mixture, it is convenient to measure the q-dependent isothermal 

compressibility, χ(q). 

32 For a bidisperse mixture with species A and 

B at concentrations x A 
and x B 

, the compressibility is defined as 

33

χ(q) =
SAA(q)SBB(q) − S2

AB(q)
x2

ASBB(q) + x2
BSAA(q) − 2xAxBSAB(q)

, (2)

where the partial structure factors are defined as

Sαβ(q) =
1
N∑i∈α

∑
j∈β
⟨eiq⋅(ri−rj)⟩, (3)

with α, β = A, B. In a hyperuniform system, χ(q) vanishes as a power 

law χ(q) ∼ q 

α with α > 0 as q → 0, indicating suppression of density 

fluctuations at a large scale. In contrast, in equilibrium fluids and 

conventional glasses obtained by cooling, χ(q) approaches a finite 

constant as q → 0. This constant is directly related to the isothermal 

compressibility in fluid states and indirectly linked to bulk and shear 

moduli in glassy solid states. 

34
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We show in Fig. 2(a) the wave vector dependence of χ(q) for a 

system of N = 1000 particles measured in equilibrium conditions for 

different compressibility factors Z. The q-dependence is as expected 

for equilibrium fluid states. The local structure of the fluid yields a 

peak near q ≈ 6.1 that essentially reflects the interparticle distance 

in the dense fluid. At low q, the compressibility converges to a con-
stant that evolves weakly over the range χ(q → 0) ≈ 0.006 near the 

onset to χ(q → 0) ≈ 0.003 close to the numerical glass transition 

at larger Z. Clearly, there is no observed tendency toward hyper-
uniform behavior, and the compressibility converges quickly to its 

low-q limit when q decreases below the first diffraction peak. The 

evolution with pressure is also quite modest, which is consistent with 

the conventional observation that the structure of supercooled liq-
uids, at the two-point density correlation level, evolves very little as 

the glass transition is approached. 

35

The local packing order parameter, usually denoted Θ, was 

introduced in Ref. 23. It quantifies local deviations from an ideal, 

perfectly packed configuration and is defined as follows. For each 

particle n ∈ [1, N], we first construct its Voronoi tessellation to 

determine its set of neighbors. For any pair of neighbors (i, j) of 

n that are also neighbors of each other, the triplet (n, i, j) forms a
Delaunay triangle. Let θ 

1
ij be the angle at vertex n between vectors r ni

and r nj 
in the simulated configuration. We then determine θ 

2
ij as the

corresponding angle in an idealized packing configuration where the 

three particles (n, i, j) are just touching. The difference between θ1
ij

and θ 

2
ij quantifies the local deviation from a perfect packing of disks.

For each particle n, we then define

Θn =
1

Nn
∑
⟨i,j⟩
∣θ1

ij − θ2
ij∣, (4)

where the sum runs over the N n 
Delaunay triangles defined above 

that surround particle n. The global packing order parameter for 

a given configuration containing N particles is then obtained as an 

average over particles, Θ = N 

−1 

∑ n 

Θ n 
, and its ensemble average ⟨Θ⟩ 

then defines the average order parameter.
We have measured the evolution of ⟨Θ⟩ with pressure, as shown 

in Fig. 2(b), as well as its standard deviation measured in systems

FIG. 2. Static bulk properties in thermal equilibrium. (a) q-dependent isothermal 

compressibility χ(q) at different reduced pressures Z, in thermal equilibrium. The 

log–log representation emphasizes the fast approach to a plateau at low q, which 

decreases weakly with increasing Z in a system of N = 1000 particles. (b) Average 

local order parameter ⟨Θ⟩ as a function of Z in equilibrium. The shaded area 

indicates the standard deviation of the fluctuations of Θ in systems of N = 200 

particles.

composed of N = 200 particles. We find that ⟨Θ⟩ decreases smoothly 

with increasing Z, indicating that the local order increases weakly 

with compression in this regime. In particular, while the structural 

relaxation time τ α 
grows by roughly five orders of magnitude over 

this range, see Fig. 1(b), ⟨Θ⟩ decreases by about 20%. This is again 

consistent with the idea that local structure evolves weakly in the 

supercooled liquid regime.
The measurements in Fig. 2 show that configurations that are 

equilibrated at larger pressures display smaller density fluctuations 

at large scales and better packing at the local scale. These two static 

quantities, which are very different in nature, are therefore clearly 

both correlated with the stability of the system.

D. Fluid and glass equations of state
In the course of the equilibrium simulations, we also mea-

sure the equation of state of the system Z = Z(ϕ) for the fluid. It 

is convenient to represent the evolution of the free volume 1/ϕ vs 

1/Z ∼ T/P because this graph is then fully analogous to the evolution 

of potential energy vs temperature in systems with soft interactions. 

It also resembles the typical graph depicting the temperature evo-
lution of free volume in glass-formers across their glass transitions, 

which usually serves as an introduction to the glass transition prob-
lem. 

1 Results for the equilibrium fluid are shown in Fig. 3, where we 

observe a smooth decrease in the free volume when Z is increased 

(T is decreased). These equilibrium measurements stop when the 

numerical glass transition is approached near Z ≈ 29 (indicated with 

a vertical dashed line).
When pressure is increased beyond Z ≈ 29, it is no longer pos-

sible to determine the equilibrium equation of state, and the system 

enters the glass region. In that case, the equation of state explicitly 

depends on the preparation of the glass, with the expectation that

FIG. 3. Equation of state in the 1/ϕ (free volume) vs 1/Z ∼ T/P representation 

analogous to energy (or free volume) vs temperature evolution for soft potentials. 

The equilibrium equation of state for the fluid ends near the computational glass 

transition (vertical dashed line). In the glass phase at larger pressure, the equation 

of state becomes history-dependent. We construct three different glass histories 

(fast compression from fluid states at Z init 

= 16.8, 22.8, and 28.8) leading to three 

glasses of different stabilities from poorly annealed to very stable (top to bottom).
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a slower annealing of the system should lead to deeper regions of 

the potential energy landscape, where glasses will be more stable and 

denser. 

36

To illustrate this point, we design three preparation protocols 

yielding glasses with three different stabilities, as shown in Fig. 3. 

We first prepare a fluid configuration at a given pressure, Z init 
, in 

the fluid phase. We suddenly compress this fluid configuration to 

a very large pressure, Z = 500, where we let it age for t = 10 

5 Monte 

Carlo steps. At such a large Z, particle motion is rapidly arrested, and 

the glass state is prepared. We then slowly decompress these glass 

configurations and record the equation of state Z(ϕ) of that glass 

during the decompression. We checked that no particle rearrange-
ment occurs during the decompression. Therefore, this protocol 

truly follows the non-equilibrium equation of state of a structurally 

arrested glass state. We can then easily vary the stability of the glass 

by changing the value of Z init 
of the initial fluid configuration. We 

expect that lower Z init 
values will yield less stable glass.

We report the measured glass equations of state for three val-
ues of Z init 

in Fig. 3. These data provide the well-known behavior 

that more stable glasses, originating from larger Z init 
, are also denser. 

The chosen values of Z init 
correspond to fluid states with wildly 

distinct equilibrium relaxation times that vary by about 6 orders 

of magnitude. Therefore, the relatively modest change in the three 

equations of state in Fig. 3 actually represents a rather large change 

in the preparation protocol, from a very poorly annealed glass to 

the largest stability that can be achieved when using conventional 

numerical algorithms. Given the available computer time, it would 

be very difficult to improve on the glass stability using local Monte 

Carlo simulations. These data, therefore, serve as a benchmark to 

test the gain in stability offered by alternative computational routes. 

The glass equation of state Z = Z(ϕ), which we represent in the 

graphical form 1/ϕ vs 1/Z, allows us to directly visualize and quan-
tify how deep in the energy landscape different glasses lie. Below, we 

compare these glass equations of state to establish whether differ-
ent glasses access deeper valleys in the free energy landscape. This 

can be seen as a metric for thermodynamic stability, which is con-
ceptually different from the kinetic stability also used in Ref. 4. The 

latter concept relies on dynamic measurements and aims to describe 

the kinetics of transformation of stable glasses back into the super-
cooled liquid state, following either a gradual or sudden change in 

a control parameter (such as heating). Evidence so far suggests that 

thermodynamic and kinetic stabilities evolve together. 

5,36

III. OPTIMIZING HYPERUNIFORMITY AT LARGE 

LENGTH SCALES
A. Non-equilibrium algorithm to enhance 

hyperuniformity
We observed in Fig. 2(a) that configurations generated using 

an equilibrium Monte Carlo algorithm do not display hyperuni-
form density fluctuations at large length scales. To produce hype-
runiform configurations, we thus need to design glasses using 

non-equilibrium design rules. 

10,22

In several previous works, 

13,15,17 hyperuniform configurations 

were obtained by dynamically modifying the particle diameters such 

that each particle occupies the same area fraction locally, thereby 

suppressing density fluctuations. The dynamic evolution of particle 

diameters, in this approach, is not constrained by rules of thermal

equilibrium, and it indeed drives the system out of equilibrium. 

Since changing the particle diameters may produce overlaps, these 

are subsequently removed by another non-equilibrium procedure 

(such as minimizing the energy with a soft repulsive potential). 

Performing multiple cycles of diameter dynamics and energy min-
imization then leads to glassy states with both a strong degree of 

hyperuniformity and a large kinetic stability. 

13,15,17 There are three 

important features in these non-equilibrium algorithms: (i) diam-
eters and positions are free degrees of freedom, (ii) the particle size 

distribution is not conserved by the algorithm, and (iii) the dynamics 

happens far from equilibrium.
Our goal is to devise an algorithm that produces a strong 

degree of hyperuniformity without altering the particle diameters, 

thus also preserving the original particle size distribution. To this 

end, we introduce a non-equilibrium dynamic algorithm that is 

known to enhance hyperuniformity in dense configurations of hard 

disks. This non-equilibrium dynamics is borrowed from the field 

of non-equilibrium phase transitions in driven particle models. 

37 

In particular, conserved biased random organization is known to 

drive particle systems to non-equilibrium dynamic steady states in 

which density fluctuations are strongly suppressed at large length 

scales. 

38–42

Briefly, the dynamics evolves particle positions in discrete time 

steps. At each time step, pairs of overlapping particles are given a 

random repulsive displacement of equal amplitude along the line 

connecting their centers. 

38 The magnitude of the displacement is 

uniformly drawn in the interval [0, ϵ], and multiple overlaps con-
tribute additively. The central point of these dynamics is that the 

center of mass of the system is conserved at each pairwise colli-
sion, and this conservation law was shown to produce hyperuniform 

structures at large scale. 

38 There are two control parameters in this 

system: the area fraction ϕ of the system and the maximal amplitude
ϵ of the random jumps.

To produce hyperuniform hard disk glasses via random organi-
zation, we employ the following protocol. We first prepare equilib-
rium configurations with N = 1000 particles using local Monte Carlo 

dynamics at initial pressure Z init 
and corresponding area fraction

ϕ init 

. We then switch to the biased random organization dynam-
ics. Since there is no overlap in the original hard disk system and 

the algorithm needs at least one overlap to start, we apply to each 

particle a random isotropic displacement with uniformly distributed 

direction and magnitude in [0, 0.22]. These disturbed configurations 

are then evolved using the biased random organization dynamics for
5 × 10 

8 time steps at ϵ ∈ [0.18, 0.23], depending on the initial pack-
ing fraction, until a hyperuniform steady state is reached. Finally, 

to recover a correct hard disk configuration, we switch to a very 

small value of ϵ = 0.02, which rapidly drives the system back to a 

configuration with no overlap via a succession of small repulsive 

displacements. At the end of this process, we thus have hard disk 

configurations with no overlap and suppressed density fluctuations 

at large length scales, and these have been obtained without any 

dynamic coupling between diameters and positions.
We repeated this approach using three values for Z init 

. We show 

in Fig. 4(a) the isothermal compressibility χ(q) measured at the end 

of the protocol described above. We emphasize that because the final 

relaxation step to remove overlaps is very quick and involves a small 

number of local displacements, it does not alter the hyperuniformity 

of the system, which is inherently a large-scale property. Compared
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FIG. 4. Optimizing hyperuniformity at large length scales. (a) Isothermal com-
pressibility χ(q) measured in hard disk configurations prepared at equilibrium at 

pressure Z init 

and then driven out of equilibrium using the biased random organi-
zation dynamics. A clear hyperuniform behavior χ(q) ∼ q 

2 is observed at low q. 

(b) Comparison of the value of χ(q min 

) for optimized (red dashed line) and equilib-
rium (blue symbols) configurations. The optimized configurations display a degree 

of hyperuniformity that would only be achieved for Z ≈ 36 in equilibrium conditions, 

a regime that is not accessible using conventional numerical methods.

to the equilibrium results shown in Fig. 2(a), the compressibility is 

now strongly suppressed at low-q, and no finite plateau is reached 

over the range of wavevectors shown in Fig. 4(a). As discussed in the 

context of random organization models, 

38 the conserved dynamics 

typically leads to a quadratic behavior, χ(q) ∼ q 

2 , at least when ϕ 

is not too large. 

42 Compared to the equilibrium configurations pro-
duced using local Monte Carlo dynamics with detailed balance, these 

configurations display enhanced hyperuniformity at large scales. 

To quantify this effect, we introduce q min 

= 2π/L, which is the 

smallest accessible wavevectors in the simulations (due to periodic 

boundary conditions and the finite linear size of the system) and use 

the value of χ(q min 

) as a practical measure of hyperuniformity. The 

data in Fig. 4(a) suggest that the value χ(q min 

) ≈ 5 × 10 

−4 is reached, 

which is far below the equilibrium values displayed in Fig. 2(a).
In Fig. 4(b), we compare equilibrium and non-equilibrium 

values for χ(q min 

). A naïve extrapolation of the equilibrium data 

suggests that reaching comparable χ(q min 

) values through conven-
tional NPT simulations would require equilibrium configurations 

at reduced pressure Z ≈ 36, corresponding to equilibration times 

that are many orders of magnitude larger than those we can sim-
ulate. Using the parabolic fit to the equilibrium data, we estimate 

that τ α 
∼ 10 

19 for Z = 36. Independently of the quality of the extrap-
olation, such a low value of χ(q min 

) corresponds to highly stable
glasses.

We conclude that by using non-equilibrium random organiza-
tion dynamics, we can suppress density fluctuations at large length
scales efficiently while preserving the hard disk nature of the pair
potential and leaving the particle size distribution unaffected. Cru-
cially, this procedure does not explicitly use swap moves or any other
known acceleration trick. We are thus in a good position to test
whether optimizing hyperuniform behavior at large scale alone can
improve the stability of the glass configurations.

B. Does hyperuniformity drive glass stability?
To test the thermodynamic stability of the hyperuniform glass 

configurations obtained by non-equilibrium random organization

dynamics, we repeat the measurement of the glass equations of state, 

as described in Sec. II D above.
We quantitatively compare two families of approaches. On the 

one hand, we can use the equilibrium (non-hyperuniform) hard disk 

configurations at Z init 
to produce conventional glasses obtained by 

rapid compressions to large pressure, as already done in Sec. II D. On 

the other hand, we can also compress the optimized hyperuniform 

configurations to large pressures and measure their glass equations 

of state during the same decompression protocols.
Since we have three values of Z init 

and two families of glasses 

(conventional and hyperuniform), we report six glass equations of 

state in Fig. 5. Each color represents a given value of Z init 
, while 

different symbols are used to distinguish conventional from hype-
runiform glasses. Clearly, the data in Fig. 5 are grouped by colors. 

This implies that glass stability is uniquely controlled by Z init 
, inde-

pendently of the degree of hyperuniformity. In other words, opti-
mizing hyperuniformity to a degree that can only be obtained in very 

stable glasses has not influenced the initial stability at all. The logi-
cal conclusion is that density fluctuations are suppressed in highly 

stable glasses, but glasses with suppressed density fluctuations are 

not necessarily stable. Hyperuniformity and stability are correlated 

physical properties, but hyperuniformity is not causally responsible 

for enhanced stability.
We have performed some tests to assess whether thermody-

namic and kinetic stabilities lead to similar conclusions. A clean 

protocol to quantify kinetic stability consists of a sudden change 

of the pressure from a value deep in the glass to a final pressure Z 

that corresponds to the fluid state. In such a protocol, the packing 

fraction evolves in two steps: a fast expansion of the glass, followed 

by a much slower transformation of the glass structure back into 

the equilibrium fluid at the imposed pressure. The timescale of the 

second process, when expressed in units of τ α 
(Z), defines the sta-

bility ratio S, 

36,43,44 which is a useful metric for kinetic stability. We

FIG. 5. Glass equations of state for glasses prepared using either conventional 

Monte Carlo methods (upward triangles) or hyperuniform glasses prepared using 

random organization dynamics (downward triangles) for three values of Z init 

. 

Hyperuniform and conventional glasses are equally stable.
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found that the most stable glasses we can achieve using slow cool-
ing have S ≈ 10 

2 (for Z init 
= 28.8 

36 ). Most importantly, we also find 

that S is not sensitive to the degree of hyperuniformity, thus directly 

showing that thermodynamic and kinetic stabilities lead to similar 

conclusions.
Earlier observations of hyperuniform stable glasses resulted 

from two ingredients: 

13,15,17 a coupled position-diameter dynam-
ics and non-equilibrium rules that optimize hyperuniformity. Our 

interpretation is that it is the coupled position-diameter dynamics 

that is causally responsible for enhanced stability, rather than the 

enhanced hyperuniformity. We discuss this interpretation further in 

the discussion part in Sec. V.

IV. OPTIMIZING A LOCAL PACKING ORDER 

PARAMETER
A. Biased Monte Carlo algorithm

We showed in Fig. 2(b) the variation of the local order para-
meter ⟨Θ⟩ upon approaching the computer glass transition. Our 

goal in this section is to introduce a numerical algorithm that pro-
duces configurations with a much lower value of ⟨Θ⟩, which would 

be typical of much more deeply supercooled states, possibly yielding
ultrastability. 

To this end, the obvious option is to enhance equilibration 

dramatically to reach even lower values of ⟨Θ⟩. For the present 

system, however, we know of no algorithm to achieve significantly 

faster equilibration. Therefore, the only alternative is to explore non-
equilibrium strategies, which bypass the equilibrium Boltzmann 

distribution to directly generate optimized configurations via a non-
equilibrium design rule. In this work, we constrain ourselves to 

methods that do not use diameters as dynamic degrees of freedom 

and leave the particle size distribution unaffected.
We follow a general strategy that allows us to target very 

low values of ⟨Θ⟩. This approach would in fact be applicable to 

any targeted physical quantity, such as hyperuniformity or global 

fluctuations of the virial stress. We perform biased Monte Carlo 

simulations using a modified Hamiltonian, 

24,45

H(x) = H 0 
(x) + λΘ 

2 

(x), (5)

where H 0 
(x) is the original Hamiltonian defined from the sum 

of pairwise hard-disk interactions for the N-particle configuration 

x = {r 1 
, ⋅ ⋅ ⋅ r N 

}, Θ(x) is the global value of Θ in configuration x, and
λ > 0 controls the strength of the biasing field. Clearly, represen-
tative equilibrium configurations of the biased Hamiltonian H(x) 

are distinct from those of the original Hamiltonian H 0 
(x). It is also 

obvious that H(x) should drive the hard disk system out of equilib-
rium. Finally, the effect of the field λ is physically clear: it penalizes 

configurations with high values of Θ, forcing the system to sample 

configurations with low values of Θ.
To sample equilibrium configurations of the Hamiltonian 

H(x), we introduce the following Monte Carlo procedure. Starting 

from a configuration x, we perform n Monte Carlo time steps using 

the equilibrium hard-disk Monte Carlo dynamics introduced above. 

We recall that in this approach, particle displacements are accepted 

with the Metropolis criterion, ensuring detailed balance with respect 

to the distribution P 0 
(x) ∝ exp (−βH 0 

(x)). The resulting configu-
ration, denoted x 

′ , is treated as a proposal in a Metropolis–Hastings

algorithm targeting the full distribution P(x) ∝ exp (−βH). Because 

this proposal generation satisfies detailed balance with respect to 

P 0 
(x), the standard acceptance probability simplifies to

α(x, x 

′ 

) = min {1, exp (−βλ(Θ 

2 

(x 

′ 

) −Θ 

2 

(x)))}, (6)

ensuring that the Monte Carlo procedure samples P(x). Once the 

Markov chain reaches steady state, the resulting configurations, 

therefore, correspond to equilibrium states of the biased Hamil-
tonian H(x), which are non-equilibrium states for the original 

Hamiltonian H 0 
.

We show in Fig. 6(a) the three representative time evolu-
tions of the local order parameter Θ during a biased Monte Carlo 

simulation for a system of N = 200 particles with a bias strength
λ = 5 × 10 

5 , using n = 1. The choice of a relatively small system size 

is dictated by the high computational cost of continuously updating 

the Voronoi tessellation required to evaluate Θ after each proposed 

single-particle displacement. These trajectories were started, at t = 0, 

from equilibrium hard disk configurations at reduced pressure Z init 
. 

All three trajectories display a significant decrease in the value of
Θ relative to their initial equilibrium values, confirming that the 

algorithm effectively favors configurations with much better local
packing.

In Fig. 6(b), we compare the values of Θ obtained after 2 × 10 

8

Monte Carlo iterations with the biased Hamiltonian to the equi-
librium hard disk values already shown in Fig. 2(b). Since Θ is a

FIG. 6. Optimizing the local packing order parameter. (a) Time evolution of the 

local order parameter Θ during a biased Monte Carlo simulation for N = 200 parti-
cles with λ = 5 × 10 

5 , starting from equilibrium configurations prepared at different 

reduced pressures Z init 

. (b) Comparison of the final values of Θ measured at time 

t = 2 × 10 

8 (dashed lines) with the equilibrium values already shown in Fig. 2(b). 

(c) Probability distributions P(Θ; λ) of the fluctuations of Θ measured in biased 

simulations at different values of the bias strength λ at ϕ = 0.72. (d) Reconstructed 

equilibrium histogram P 0 

(Θ) after reweighting the biased distributions. Configu-
rations with low Θ values have a vanishingly small probability to appear in the 

equilibrium ensemble and are non-typical.
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system-averaged quantity, the magnitude of its typical fluctuations
scales as 1/ 

√ 

N. We display them in Fig. 6(b) to provide direct evi-
dence that the optimized configurations lie well beyond the regime 

explored by thermal fluctuations alone. Extrapolating the equilib-
rium data, we estimate that these optimized configurations reach 

values of Θ corresponding to equilibrium states at Z ≈ 29, 38, 40. 

The first value is close to our numerical glass transition (with
τ α 
∼ 5 × 10 

9 ), while the states originating from the two largest values 

of Z init 
correspond to pressures well beyond our equilibration capa-

bilities, with respective estimates for τ α 
of order 10 

23 and 10 

29 , using 

the parabolic fit of equilibrium data. Equilibrium systems at such 

pressure would be representative of ultrastable glasses, and the vari-
ations in Θ that we obtain using the biased Monte Carlo simulations
are significant. 

To assess the validity of the algorithm and illustrate its phys-
ical behavior, we measure the fluctuations of Θ in the steady state 

of biased simulations, using several values of the biasing field λ. 

We collect these data in the probability distributions P(Θ; λ), 

shown in Fig. 6(c), for the area fraction ϕ = 0.72. As expected, when
λ increases, the distribution shifts toward lower values of Θ and 

becomes slightly narrower.
Since the sampling distribution P(x) is known up to a nor-

malization constant, we can reweight the probability distributions 

P(Θ; λ) to express the equilibrium distribution P 0 
(Θ) of the 

fluctuations of Θ under the Hamiltonian H 0 
, using the relation 

P 0 
(Θ) ∝ P(Θ; λ) exp (λΘ 

2 

(x)). This relation is valid for any value 

of λ and holds up to an unknown normalization constant. The 

reweighting procedure is illustrated in Fig. 6(d), where the six his-
tograms of Θ are simultaneously used to reconstruct P 0 

(Θ), using 

the unknown normalization to connect the different histograms 

together. 

46 The quality of the reconstructed distribution confirms 

that the reweighting procedure is reliable and that the Monte Carlo 

biased algorithm correctly samples the biased ensemble, as expected. 

Furthermore, the equilibrium histogram also demonstrates that the 

optimized configurations produced by the biased Monte Carlo algo-
rithm are atypical hard disk configurations that would be sampled 

with a vanishingly small probability using an equilibrium approach. 

Already for λ = 7.5 × 10 

3 , which is far below the values used in 

Fig. 6(a), the reweighted equilibrium density extends down to values 

below 10 

−20 , showing that such biased configurations lie very deep in 

the tails of the equilibrium distribution and are indeed vanishingly 

rare.

B. Stability
To test the thermodynamic stability of the optimized glass con-

figurations with enhanced local packing obtained using the biased 

Monte Carlo simulations, we repeat the measurement of the glass 

equations of state, as described in Sec. II D above.
We quantitatively compare two families of approaches. On the 

one hand, we can use the equilibrium (non-hyperuniform) hard disk 

configurations at Z init 
to produce conventional glasses obtained by 

rapid compressions to large pressure, as already done in Sec. II D. On 

the other hand, we can also compress the optimized configurations 

to large pressures and measure their glass equations of state during 

the same decompression protocols.
Since we have three values of Z init 

and two families of glasses 

(conventional and locally optimized), we report six glass equations

FIG. 7. Glass equations of state for glasses prepared using either conventional 

Monte Carlo methods (upward triangles) or optimized glasses prepared using 

biased Monte Carlo simulations (downward triangles) for three values of Z init 

. 

Optimized and conventional glasses are equally stable.

of state in Fig. 7. Each color represents a given value of Z init 
, while 

different symbols are used to distinguish conventional from opti-
mized glasses. Clearly, the data in Fig. 7 are grouped by colors. This 

implies that glass stability is uniquely controlled by Z init 
, indepen-

dently of the value of Θ. In other words, optimizing the local order 

parameter Θ to a degree that can only be obtained in very stable 

glasses has not influenced the initial stability at all. The logical con-
clusion is that the local order parameter Θ takes small values in 

highly stable glasses, but glasses with optimized Θ are not necessar-
ily stable. Glass stability and Θ are correlated physical properties, but 

the local order parameter Θ is not causally responsible for enhanced
stability. 

We have also applied our biased Monte Carlo algorithm to 

configurations that are already dynamically arrested deep in the 

glass phase. We found that it is also possible to decrease the value 

of Θ significantly in these glasses, although this becomes increas-
ingly difficult as the pressure increases. This is expected, as particle 

motion is no longer allowed in the limit Z → ∞. More importantly, 

we observed that the packing fraction of these glasses is not evolv-
ing with Θ. This directly shows that the glass equation of state, 

and therefore the thermodynamic stability, is not improved by the 

optimization protocol. This suggests that performing the local opti-
mization after the glass has been formed does not allow the system 

to access denser, more stable regions of the landscape.
Earlier observations of stable glasses with low Θ values resulted 

from two ingredients: 

16 a coupled position-diameter dynamics and 

non-equilibrium rules that optimize Θ. Our interpretation is that it 

is the coupled position-diameter dynamics that is causally responsi-
ble for enhanced stability, rather than the enhanced local order. We 

discuss this conclusion further in the discussion part in Sec. V.

V. DISCUSSION AND PERSPECTIVES
The search for glasses that lie very deep in their potential 

energy landscape is motivated by both fundamental and practical
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aspects. 

1,3,5,9 At the fundamental level, low-energy glassy states are 

useful to address key questions regarding the underlying nature of 

the glass transition, such as the putative existence of an equilib-
rium ideal glass phase. 

35 When it comes to practical applications, 

being close to equilibrium is not needed, provided the resulting 

glassy materials have interesting physical properties. 

5,6 For these rea-
sons, exploring multiple routes to design glasses is an interesting 

endeavor. 

9,21

A recent series of papers explored the idea that optimizing 

a physical property that is not directly the potential energy may 

nevertheless lead to glassy states with enhanced stability. These 

approaches share a common strategy to optimize a given physical 

property, through which configurations evolve using both positions 

and diameters as dynamic degrees of freedom. This non-trivial cou-
pled dynamics was implemented within minimization processes that 

optimize hyperuniformity at large length scales, 

13,15,17 or the fluctu-
ations of the virial stress, 

18 or a local packing order parameter, 

16 and 

of course the potential energy itself. 

12,14,19,20 In all these algorithms, 

the particle diameters are dynamically altered, and the particle size 

distribution is not conserved.
Our main result is the demonstration that the sole optimiza-

tion of either hyperuniformity or the local packing order parameter 

in the absence of the coupled position-diameter dynamics does 

not improve the stability of glasses. We conclude that more stable 

glasses have improved physical properties, but improved physical 

properties do not necessarily imply greater stability.
The most plausible interpretation is that the physical proper-

ties targeted in these works are statistically strongly correlated with 

the potential energy of the system. When preparing glasses with 

enhanced stability, all these properties are then evolving smoothly 

together. However, to improve stability, the system has to evolve 

across large barriers in a complex energy landscape. In the algo-
rithms used in Refs. 12–20, it is very likely that it is the coupled 

diameter-position microscopic dynamics that helps the system effi-
ciently overcome these barriers, while the choice of the physical 

property to be optimized is a sub-dominant ingredient.
Additional support for this conclusion comes from a series of 

recent studies of the effect of diameter dynamics in the simula-
tions of model glass-formers, which we now discuss. The first and 

most obvious observation is that the dramatic equilibration speedup 

offered by the swap Monte Carlo algorithm results precisely from 

the dynamic coupling between diameters and positions during the 

course of a simulation. 

27,47–49

The connection between swap Monte Carlo and the algorithms 

employed in Refs. 13 and 15–18 is relatively direct. Consider, as in 

those works, models with a continuous distribution of particle sizes. 

When two particles, 1 and 2, are swapped, 1 ↔ 2, one can either 

exchange the positions of the two particles, r 1 
↔ r 2 

, or leave the 

positions unaffected but exchange their diameters, σ 1 
↔ σ 2 

. In the 

latter view, adopted in Refs. 26 and 27 and most subsequent papers, 

the diameter of a given particle is promoted to a dynamic variable 

whose evolution is coupled to that of its position. This dynamic cou-
pling is directly responsible for the efficiency of the swap Monte 

Carlo algorithm to equilibrate supercooled liquids at much lower 

temperatures than conventional dynamics.
While a swap Monte Carlo move leaves the particle size dis-

tribution unaffected, one can promote the swap dynamics to a

semi-grand canonical version, where each diameter can now evolve 

freely and continuously via exchange with a diameter reservoir. 

If constraints are correctly added to the corresponding chemical 

potential, it is possible to maintain a fixed particle size distribu-
tion and simulate equilibrium dynamics. 

47 It was demonstrated 

numerically that the original swap Monte Carlo and such a semi-
grand canonical version are dynamically equivalent. 

47 When the 

particle size distribution was insufficiently constrained, however, it 

was found that in the presence of thermal fluctuations the system 

modifies its particle size distribution to more easily crystallize or 

fractionate. 

47

One solution to prevent such ordering is to remove thermal 

fluctuations entirely, as done, for instance, in Refs. 12, 14, and 20. 

Here, the potential energy of the system was directly minimized by 

following a gradient descent where both positions and diameters 

could evolve. In a traditional energy minimization, only the posi-
tions are evolving. The addition of diameters as dynamic degrees 

of freedom allows the system to reach much deeper energy states, 

and this leads to more stable glasses. 

14,20 It was recently shown that 

equivalent results are obtained by performing a zero-temperature 

swap Monte Carlo simulation 

50 (or an infinite pressure compression 

for hard particles 

26,51,52 ), showing that gradient descent with evolv-
ing diameters is fully analogous to zero-temperature swap Monte 

Carlo dynamics.
The algorithms in Refs. 13 and 15–18 can be regarded as slight 

modifications of the above efforts, where the quantity to be min-
imized is no longer the potential energy but a different physical 

quantity. However, for strongly correlated quantities, minimizing 

with respect to one of them is not very different from minimizing 

with respect to another. The deep connections between computa-
tional strategies described above suggest that all these algorithms 

presumably explore similar paths in the glassy landscape, and, most 

importantly, they can easily overcome barriers due to the modified 

dynamics that couples diameters and positions.
This interpretation immediately raises several important ques-

tions, which would be worth analyzing in the future. First, one could 

question whether the new freedom offered by the absence of con-
straints on the particle size distribution plays a role in improving 

the glass properties. One potential danger is that the system uses 

that freedom to develop some kind of (possibly unwanted) local 

ordering. 

47 This is possibly mitigated by the absence of thermal fluc-
tuations, but it could be that improved stability also stems, in part, 

from some increase in local order. As a second line of questions, 

it would be interesting to benchmark various algorithms based on 

different physical quantities against one another. One could dis-
cover that some quantities are better suited than others and lead 

to better stability or distinct glassy states. Instead, it could also be 

that all of them are essentially equivalent. This is an important task 

for future work. However, since each algorithm produces a distinct 

glassy material, this quest also underlies the need to develop objec-
tive metrics to quantitatively compare the different outcomes of 

different design rules.
All these questions are broadly applicable to experimental stud-

ies as well, even though the algorithms discussed in the present 

work are not directly related to any experimental realization. In 

experimental work, glass stability is dramatically enhanced when 

physical vapor deposition is used. 

4–6 In that case, the structure of
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the glass is optimized compared to conventional bulk materials (for 

instance, some ultrastable glasses display structural anisotropy 

53 ), 

but the dynamic process used to create them is also very dif-
ferent from the bulk dynamics. In that case also, it is generally 

believed that ultrastability is controlled by the dynamic process 

(the large decoupling between surface and bulk dynamics in amor-
phous films 

11,54,55 ) rather than the increased structural anisotropy. 

For experiments as well, the determination of objective metrics 

to compare different glassy materials is a relevant task for future 

research.
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