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ABSTRACT

We introduce a direct Boltzmann inversion method to infer the interaction potential in particle systems using as input particle configurations
generated at an arbitrary state point of the system. Unlike iterative Boltzmann inversion, the proposed method does not require performing a
new Monte Carlo simulation at each step of the iteration process. It relies instead on enforcing consistency between two independent estimates
of the pair correlation function, respectively obtained from interparticle distances and from pairwise forces. As a result, the approach is
computationally inexpensive and straightforward to implement. Because it relies on the sole expression of interparticle forces, our method
naturally applies to any state point, including when the density is large and alternative methods may fail. Here, we present the basic principles
of the method and benchmark its performance on a diverse set of test potentials studied using computer simulations. Practical aspects and
detailed implementation of the method are also discussed. Owing to its simplicity and generality, the method should be broadly applicable,

from the construction of coarse-grained interaction potentials to the inference of effective interactions in non-equilibrium systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0336283

. INTRODUCTION

In liquid-state theory,' two cornerstone quantities are the inter-
action potential, u(r), and the radial distribution function, g(r).
The first dictates the microscopic dynamics of each particle, while
the second describes the structure. The latter can easily be obtained
numerically or experimentally using, for example, scattering or
microscopy techniques. In a classic paper, Henderson proved that
for equilibrium systems governed by pairwise interactions, there
exists a one-to-one correspondence between the pair potential and
the radial distribution function.” A fundamental consequence is that
knowledge of one function uniquely determines the other, at least
in principle. As is well-known, there is no exact analytic formula to
predict directly g(r) from u(r), and the derivation of approximate
closure relations was a basic endeavor of liquid-state theory.! The
parallel development of computer simulations of particle systems™*
has allowed for an essentially exact determination of g(r) given any
interaction potential u(r). From a numerical viewpoint, the for-
ward problem of determining g(r) for a given u(r) can therefore
be considered as being essentially solved.

By contrast, the inverse problem® of computing the interaction
potential from a known g(r) has attracted somewhat less attention,
and there exists no fully satisfying solution either analytically’® or
numerically. This so-called Boltzmann inversion problem is, never-
theless, of interest, as it can be used for several purposes. An obvious
application is the determination of an unknown interaction poten-
tial from an experimental dataset.” For pairwise interactions, this
can be performed by studying only two particles, but there is no
such simple method available when an arbitrary bulk state point is
accessible or in the presence of many-body interactions. Another
application is the determination of an effective coarse-grained inter-
action potential representing a more complex system with a larger
number of degrees of freedom. This is a useful task, as the deter-
mined coarse-grained model can then be studied numerically over
much larger length scales and time scales.” '’ A related applica-
tion is the deduction of optimal effective pair potentials for systems
interacting with non-pairwise additive interactions. A final applica-
tion could be the determination of effective interactions in systems
evolving far from equilibrium'"'* in order to provide an equilibrium
interpretation of physics phenomena observed far from equilibrium.
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Over the years, a number of numerical methods have been
developed to solve the inverse Boltzmann problem. Existing meth-
ods can be broadly divided into model-based and model-free
approaches. Model-based methods essentially fit the measured radial
distribution function by optimizing a parametrized family of poten-
tials. Although widely used,'"'”'" these approaches rely heavily on
guessing an accurate parametrization and become less tractable as
the number of parameters increases.'” Model-free techniques, by
contrast, do not impose a functional form for u(r). These algorithms
typically refine an initial potential guess iteratively until the simu-
lated structural data match the reference one.'® The main differences
between different algorithms lie in the iteration rules,'” whose com-
plexity typically trades off with the number of iterations needed to
converge. For example, inverse Monte Carlo'® converges in rela-
tively few steps, but this requires long simulations at each step for
accurate statistics as well as a good initial guess.'” In contrast, itera-
tive Boltzmann inversion'"*"*" relies on a very simple update rule,
making it one of the most robust and widely used algorithms, applied
in fields from liquid interfaces’ to polymers® and biomolecules.’
Its convergence is typically much slower than inverse Monte Carlo,
often requiring an order of magnitude more iteration steps.”” Recent
proposals using machine learning to reconstruct interactions are
promising”* but still lack the accuracy of iterative algorithms® or
must rely on intense training.”®

A common feature of all iterative methods mentioned earlier
is the need to perform a computer simulation at each iteration step
using the updated potential in order to compare the generated data
to the target g(r). This represents the main computational bottle-
neck when performing the inversion, potentially limiting scalability
to larger systems or higher accuracy.

Recently, an elegant strategy was proposed to bypass this
bottleneck.'”*” ** The method uses two expressions for the radial
distribution function, the usual one using pairwise distances and
a second one known as the test-particle insertion formula"” that
requires knowledge of the interaction potential. The quality of the
updated potential is now assessed by comparing the radial distribu-
tion function generated by the test-particle insertion to the reference
one coming from the initial dataset. An important shortcoming of
this approach is that the test-particle insertion method is computa-
tionally much more expensive than conventional g(r) calculations.
An even more severe limitation is that particle insertions become
virtually impossible in dense fluids, and the proposed approach is
thus by construction limited to small enough densities to allow
particle insertions.”®

Here, we propose an alternative approach to directly obtain the
interaction potential without performing a novel computer simula-
tion at each step of the iteration, and this approach can be applied
to any state point, including dense fluids. Our central idea is to
replace the particle insertion expression of the radial distribution
with an alternative expression based on interparticle forces.””* This
force-formula for g(r) involves both interparticle distances and
forces. Computationally, it is just as cheap as the conventional his-
togram method, and it is applicable and accurate at arbitrary state
points, with no limit on the studied density. Our study, therefore,
considerably simplifies and extends the applicability of the recent
efforts performed in Refs. 27 and 29 to directly solve the Boltzmann
inversion problem numerically.
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Here, we explain how to implement this direct inversion
method numerically to obtain the interaction potential from a
given dataset that consists of a series of particle configurations. The
method converges rapidly, accurately, and is computationally inex-
pensive. We implement and demonstrate its efficiency in a variety of
situations for which the interaction potential is known, and we show
that our inversion method accurately recovers the correct poten-
tial in all cases in just a few minutes, thus efficiently solving the
Boltzmann inversion problem. We leave applications to experimen-
tal data, coarse-graining, and non-equilibrium situations for a future
study.

The paper is organized as follows. The central idea behind the
direct inversion method is presented in Sec. II. The practical imple-
mentation of the algorithm is discussed in Sec. III. We implement,
test, and validate the algorithm on a number of known potentials at
various state points in Sec. IV. We discuss the results and present
some outlook for future study in Sec. V.

Il. DIRECT BOLTZMANN INVERSION ALGORITHM
A. Radial distribution function (RDF)

A many-body system of N particles can be completely charac-
terized by the knowledge of all the n-particle distribution functions
g,f,”) (r1,...,74)."! The computation of all these quantities for N > 2
is often difficult, but fortunately, the knowledge of low-order particle
distribution functions n < 2 is often sufficient to evaluate the equa-
tion of state and other thermodynamic properties. In particular, if
the system is both isotropic and homogeneous, the pair distribution
function gIE,Z) (r1,72) only depends on the separation ri; = |r; — r1].
In this case, it is usually called the radial distribution function (RDF)
and referred to as g(r), taking the form

1 N
g(r) = mz > 8(r=ri))s 9]

i=1 j*i

where rj; = |r; — rj|, 6(x) is the Dirac delta function, p = N/V is the
number density, and (- - -) represents an ensemble average.

B. Conventional RDF estimate from pairwise
distances

Given the configurations of a homogeneous system, the radial
distribution function g(r) can be computed using a distance his-
togram (DH) procedure that amounts to a simple discretization of
Eq. (1). In practice, one counts the number of particles N(r) within
a spherical shell of radius r and thickness Ar, normalized by the shell
volume Q,r"'Ar and the particle density p, where Q is the solid
angle in d dimensions (Q; = 27 and Q3 = 47). Averaging over an
ensemble of configurations (- - -) yields

(V)
r)= ————. (2)

goi (r) derd_lAr

Note that Eq. (2) depends explicitly on the choice of the bin size Ar,

and the variance of the RDF obtained via this method diverges as

1/Ar* for a given amount of data. The number of operations needed

to measure g, (r) scales quadratically with the number of particles,
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O(N?) (this is a sum over particle pairs), and it assumes no prior
knowledge of the interparticle potential. Nevertheless, Henderson’s
theorem implies that the RDF g(r) evaluated via interparticle dis-
tances is uniquely related to the potential u(r) used to generate the
configurations for pairwise interactions.”

C. Computing the RDF from interparticle forces

Inspired by a previous study on quantum electronic densities,
Borgis and co-workers proposed a new formula to estimate the pair
correlation function of a homogeneous and isotropic system when
the forces acting on each particle are known,”’

R

orce =1-
Srorce () N

Zﬁ(fi—fj)'%(a(ﬁj—f) )

i<j dTij

where @(x) is the Heaviside function and f8 = 1/kgT, with ks the
Boltzmann constant. In this expression, f; represents the total force
acting on particle i. This formula can be qualitatively understood
as resulting from an integration by parts of the original expression
in Eq. (1), transforming the delta function into a Heaviside one,
while the derivative on the Boltzmann distribution produces the
force f;. While this formula was originally obtained using precisely
this integration by parts,’’ we provide an alternative derivation in
Appendix A that first derives (producing the forces) and then re-
integrates (producing the Heaviside functions) the function g(r)
with respect to the variable r. This derivation is close to the one given
in Ref. 4. All derivations are, of course, mathematically equivalent.

In particular, the derivations make it clear that no assumption
is made on the nature of the potential u(r) (for instance, it is not
necessarily pairwise additive). The formula in Eq. (3) differs from the
original study’' by a factor of 2, as already corrected in Ref. 33. An
important assumption is that the system is at thermal equilibrium
so that the ensemble average is represented by an integration of the
configuration space, weighted by the Boltzmann distribution. This
formula can, therefore, not be applied to a non-equilibrium driven
steady state, for instance.

An important difference with respect to the histogram method
is that a given pair of particles, (i,j), contributes at all distances
r < rjj instead of contributing to a single bin at distance r = r;;. This
helps reduce the variance of the g(r) estimate,” which no longer
depends on the spatial discretization Ar chosen to represent the
RDF. As a result, the radial distribution function can be evaluated
with an arbitrary spatial resolution without increasing the statistical
noise.

It is important for the inversion method discussed in this study
to realize that the evaluation of g; . (r) at r depends on all distances
and is therefore no more local in position space. This unfortunately
implies that a small error on the reconstructed potential u(r) at some
given r may affect the function g, .(r) at other r values.

Another notable difference is that the function g, .(r)
obtained in Eq. (3) properly converges, by construction, to 1 in
the limit » - co but displays a spurious non-zero value in the
r — 0 limit, which only vanishes in the limit of an infinite dataset.”*
These two differences will play an important role in the practi-
cal implementation discussed below. However, the key idea is that
both g, . (r) and g, (r) provide unbiased estimates of the same
analytical quantity g(r), and both estimates must lead to the same
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result g(r) in the limit of infinite statistics. The coincidence of
both estimates, however, only happens when the correct expression
of the forces is employed in Eq. (3). Enforcing this condition will
allow us to directly determine forces from an ensemble of particle
configurations.

D. The direct inversion algorithm

We are now in a position to explain our direct inversion
algorithm, which we have sketched in Fig. 1.

It is useful to recall first the traditional iterative Boltzmann
inversion method. This starts by the determination of a reference
RDF, g, .(7), obtained from the dataset using the distance histogram
method. The iteration loop can then start. An initial guess of the
interaction potential, uy(r), is used in a Monte Carlo simulation to
determine the RDF g (r) using the histogram method. The differ-
ence between g, and g_.(r) is used to make an improved guess for
the potential, u; (r), leading to g, (r). The process is then repeated
until the guess u;(r) made at step t leads to a measured g,(r) that is
equal to g, At this point, the algorithm has reached a fixed point,
and the potential ;(r) is no longer updated.

Our approach follows the same philosophy and starts with the
construction of the reference RDF, g _(r), and a guess, uo(r), is

Force formula

/44\ /‘\
Bug(r) gt(r)
X ya

- N
\ﬁutﬂ = fu; + alog g/ Gref |

./

r

FIG. 1. Sketch of the direct Boltzmann inversion method. The available dataset
(series of images) produces a reference RDF g,,;(r). A guess potential uz(r)
is used to generate the RDF g,(r) using the force formula, and the difference
between g,.:(r) and g;(r) is used to make an improved guess for the potential
Ut+1(r). The fixed point provides the correct inverted potential u(r).
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again made for the potential. Crucially, we now obtain the RDF
g,(r) from the guess uo(r) using the force formula applied on the
original dataset. (A very similar idea was proposed before by Stones
and co-workers,”” but they employed the test-particle insertion esti-
mate of the RDF instead of the force formula.) The difference
between g, and g (r) is used to make an improved guess for the
potential, u; (7). The process is then repeated until convergence. In
contrast to iterative Boltzmann inversion, the only dataset used in
the iteration is the original one, as the process does not require the
generation of new data via Monte Carlo simulations.

In all inversion schemes, an improved guess of the potential
from the measured difference between two RDF estimates needs to
be made. Here, we follow the update rule proposed by Schommers,”

Uu r) = pug\r @ 10 gt(r)
fuin () =) g 400 ), @

where a € [0, 1] is an empirical regularization factor used to control
the stability of the iteration procedure. By construction, the potential
u¢(r) is not updated when the RDF at step t agrees with the target
reference.

This update formula remains, however, largely empirical. For
consistency, we summarize Schommers’ justification of Eq. (4)
in Appendix B. It has the desired property that the fixed point
(g" (r),u”(r)) necessarily corresponds to u*(r) = u(r) and g*(r)
= g,.¢(r). We discuss the stability of this fixed point in Appendix C.

lll. PRACTICAL IMPLEMENTATION

While the workflow presented in Fig. 1 faithfully describes all
steps of the direct Boltzmann inversion algorithm, there are several
practical issues that arise during its implementation, which we now
discuss.

A. Generation of reference RDF from data

The reference radial distribution function g_(r) is constructed
from the microscopic configurations available in the original dataset.
At this point, the distance-histogram method in Eq. (2) needs to be
used, since it does not require knowledge of the pair potential. As
discussed in Sec. I B, the formula contains an adjustable parameter
Ar used to bin the pair distribution that requires a careful discussion.

Ideally, one would like Ar to be as small as possible in order to
reconstruct an interaction potential u(r) on a sufficiently fine grid to
allow the numerical determination of the derivative u'(r) involved
in force estimates. However, the distance-histogram RDF becomes
noisy when Ar is chosen too small for the amount of available data.

To mitigate these effects, we construct g, .(r) in two steps. We
first use the conventional method that decreases Ar until the RDF
becomes noisy. We then smooth and interpolate the measured func-
tion to finally obtain a smooth, finely discretized reference RDF
£.f(7). The smoothing and interpolation procedures are illustrated
in Fig. 2.

In practice, we apply spline interpolation to the measured RDF.
This reduces noise by fitting the histogram data with a continuous
function that can then be evaluated at any desired resolution. Given
a dataset D = {(r1,g:) }1}, the spline is obtained by minimizing the
following loss functional:
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FIG. 2. (a) The RDF measured by the distance-histogram g, (r) is smoothed
and finely discretized to produce the reference g,.(r). (b) Weights used for the
spline interpolation. The data was taken for the shoulder potential at po® = 0.56
and e = 0.5.

M 5 2
L[f]=Y wilgi- f(r)]’ *’\f aaT{ dr, (5)

i1

using piecewise cubic polynomials for f(r). The first term measures
deviation between the fit function and the data points, while the sec-
ond penalizes curvature, enforcing smoothness of the interpolated
function f(r). Here, A tunes the trade-off between data fidelity (first
term) and smoothness (second term).

While conceptually easy, applying a single smoothing function
across the entire radial distribution function is challenging because
the RDF behaves very differently across different scales. At short dis-
tances, the hard-core region is undersampled and exhibits a sharp
rise from zero that splines may fail to capture. At a larger range,
the RDF peaks may suffer from statistical noise in the distance-
histogram method, and this may obscure fine structural details.
Finally, at long distances where g(r) ~ 1, noise dominates, making
the interpolation potentially unreliable due to overfitting.

To address these issues, we implement a region-specific weight-
ing scheme w; with three distinct zones: the hard-core region
(from r =0 to the midpoint to the first peak) receives a weight
10 times stronger than the intermediate region with unit weight.
Instead, the noisy long-range region is deliberately suppressed with
a weight reduced to 1072, Finally, the smoothing parameter A is
determined automatically by the scipi.signal library’® through
generalized cross-validation. This approach maintains simplicity
and transferability across diverse RDF shapes while delivering robust
performances for the inversion procedure. As shown in Fig. 2, the
obtained reference g ¢(r) is simultaneously faithful to the measured
data, smooth, and can be discretized over an arbitrary fine spatial
grid.

B. Choice of cutoff distances

Our goal is to reconstruct a function u(r) finely discretized over
a range of distances. While in principle we would like that range to
be between r = 0 and r = oo, in practice one needs to restrict this
idealized range to a finite one and introduce two cutoff values to
reconstruct u(r) over a finite range r € [fjow» 'cut -
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An upper cutoff rey is needed when forces and potentials
become very small at large distances. In that case, there will not
be enough signal in the measured dataset to reconstruct very small
numbers. In a typical application where that cutoff is not known,
the chosen value could be refined iteratively by starting from a high
value and progressively lowering 7., while monitoring stability and
convergence of the inversion algorithm.

For strongly repulsive potentials, a lower bound 7y, is also
needed. Since the hard core part of the potential is not explored by
the particles, it is obvious that the dataset contains no information
about the functional form of u(r) at very short distances. On the
other hand, we also find that taking 7,y too large can lead to an
incorrect determination of the potential u(r). The reason is related
to the discussion in Sec. II C. When 7y, is too large, we miss pairs
of particles in the dataset for which rj; < 110y, and this may affect the
entire function g, (7). In turn, an incorrect estimate of g, ()
will lead to an incorrect fixed point of the algorithm.

In practice, we go over the dataset and measure, over indepen-
dent configurations, the minimum distance found in each configu-
ration. We then set 71, as the average of this quantity. This ensures
that very few particle pairs are missed and that we do not attempt to
reconstruct the potential in a region where statistics is poor.

Particle pairs with separations rj < rio, are excluded by the
Heaviside function in the calculation of g, . (r) in Eq. (3). How-
ever, they still contribute significantly to the total forces f; and f;.
To account for these contributions, the derivative of the potential
(that is needed for the force calculations) in the region r < iy is
extrapolated as

u'(r) = u'(rlow)( rk;w )2. (6)

This expression ensures continuity of the force at r = 114, and effec-
tively introduces a soft-core repulsion that prevents nonphysical
artifacts during the inversion process. We checked that the specific
choice made in Eq. (6) is arbitrary and largely irrelevant, as several
other choices can also be employed.

C. Initialization of the potential

To run the iterative inversion scheme, one should finally choose
an initial potential guess, Bu,(r). While the final result should be
independent of this initial choice, it is obvious that starting from a
totally incorrect guess may lead to a much longer iterative process
or even introduce numerical instabilities. Moreover, the Schommers
scheme in Eq. (4) assumes that the initial potential guess is a suf-
ficiently good approximation of the unknown pair potential.”’ For
these reasons, typically, the starting potential is chosen as

Buo(r) = —Ingrr(r), (7)

which is also called the potential of mean-force. This guess coincides
with the true potential in the case of weak interactions. This choice
provides a model-agnostic initial guess, which, moreover, repro-
duces the most salient features of the true potential, thus being close
enough in the sense of Schommers (see Appendix B). We adopt this
choice in the following.
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D. Improved iteration formula to preserve physical
constraints

Since the force-based estimator in Eq. (3) can yield spurious
finite values as r — 0, the estimate g, (r) may, in particular, become
negative during the inversion process, especially when the initial
potential guess is poor. To prevent logarithmic singularities in the
Schommers update rule (4), in that case, we apply a vertical shift
to g,(r) to ensure the argument of the logarithm always remains
positive.

Specifically, we define rmiy as the radial distance where the cur-
rent estimate g,(r) reaches its minimum over the inversion window
[Tlows Tcut |- We then implement the modified update rule

Buir1 = Pus + a log (gtge)fi(_rfg)’ (8)

where the offset 8¢ = g,(7min) — £,.¢("min) ensures that the numera-
tor is well-behaved and matches the positive reference g _.(r) at its
minimum value. In practice, rmin typically coincides with 7}y, the
lower bound of the inversion window, as expected. Instances where
g,(r) becomes negative at larger radial distances are rare and are
generally restricted to the earliest iteration steps. As the potential
converges toward a fixed point, we checked that g also becomes
very small, and Eq. (8) becomes, in that case, mathematically equiv-
alent to the conventional Schommers expression, in particular near
the fixed point.

E. Convergence metrics

Finally, an iterative algorithm requires a criterion to determine
when convergence has been reached. Given some distance metric
D(f,g) between two functions f(x) and g(x) defined on a dis-
cretized series of x values, one could theoretically stop at step T
when the current estimate g,.() is closer to the target than a desired
precision v, namely,

D(gT)gref) < (9)

However, we specifically adopt a convergence criterion based on the
distance between successive iterations,

D(gr,gr-1) < v. (10)

This second definition has several advantages: it is more easily trans-
ferable across different pair distribution shapes and does not assume
that the distance to the reference decreases monotonically.

Because our method is computationally inexpensive, we have
set a stringent precision requirement of v = 10™*° to stop the itera-
tion loop. This ensures the solution has reached the fixed point. This
very low value eliminates any residual error that might exist when
more costly methods are used and the iteration is stopped early.

In practice, we verified that both criteria yield nearly identical
results, confirming the robustness of the fixed-point approach. The
distance D(f, g) is chosen as the mean-squared error

D(f.) = 4 1 () - a

computed over the window [7joy, 7cut | discretized in 7 bins.
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IV. VALIDATION USING KNOWN POTENTIALS

The ultimate goal of our inversion algorithm is to reconstruct
the pair potential u(r) starting from equilibrium configurations of
the system. As a first test, we use configurations obtained through
numerical simulations of known potentials in order to assess the
quality of the inversion method and detect possible pitfalls.

A. Four simulated potentials

We analyze different two-dimensional systems of monodis-
perse particles of mass m, interacting with various widely used
potentials, each one posing different challenges for their inversion.
The first one is the conventional Lennard-Jones (L]) potential,*®
truncated and shifted at 7’ = 2.50,

o[+ e

0 otherwise,

(12)

where C is an additive constant so that Bur;(ry)) = 0. The Lennard-
Jones potential presents both a repulsive soft core and an attractive
long-range tail.

The second tested potential is the Weeks—Chandler-Anderson
(WCA) potential,”” which is nothing but the L] potential truncated

at its minimum rXVCA = 21/ 60,

12 6
46[(0) _(f) ]+C’, r<r A,
uwea(r) = r r

0 otherwise,

(13)

where C’ = ¢ is such that uwca (r:) = 0, thus creating a purely repul-
sive potential that is often used in high-density regimes where the
role of attractive forces diminishes.

ARTICLE pubs.aip.org/aipl/jcp

Third, we introduce a long-range power-law potential that
scales as the inverse of the cubic distance,

o\’ " R3
e(f) +C’" r<r.” =50,
ups(r) = r

0 otherwise,

(14)

where again C" is an additive constant to ensure ug3 (rfs) = 0. Such
an r potential describes softer repulsive interactions compared to
L] and WCA, with slower decay relevant for dipole-like or screened
electrostatic effects, common in soft colloidal systems.**

Finally, we introduce a shoulder potential®’

n k
e(g) - Etanh—o(r—ro)+C'", r<nh,
usu(r) = r 2 o (15)
0 otherwise,

that features two characteristic length scales. It has a hard core r™"

and an outer softer shell represented by the hyperbolic tangent.
The parameters are fixed as in Ref. 29, namely, n = 14, ko = 10, and
ro = 2.50 with a cutoff at er = 2.80. Once more, the potential is
shifted to vanish at its cutoff, fixing the value of the constant c"”.

We consider square systems in two dimensions with periodic
boundary conditions and box size L = 600, while the number of par-
ticles N and the temperature T vary between different simulations.
The values for p = N/L?, the temperature T, and other simulation
parameters will be reported in the figure captions accompanying the
inversion results.

In practice, we first equilibrate and then sample equilibrium
configurations in the canonical ensemble via molecular dynamics
simulations using the open-source software LAMMPS."’ Equations
of motion are integrated using the Verlet algorithm, and the temper-
ature is fixed via the Nosé-Hoover thermostat.” For each potential,
the target radial distribution function g, .(r) is computed from 500
independent configurations using the distance-histogram method.

(a) 2.0 T T T T ] 250 (C) T T T T
1072
- D(gt7gref)
sl | 1| t200 g 107} D(gt,91-1)
' S 10
9]
. 150 = 10-5
~ | (0]
\é 1.0 g 10—6
L o
100 9 10—7 r
0.5F E g 108 E
50 8 10-9 ]
0.0k, . . .. - . . 0 10710 AN
1 2 3 4 5 1 2 3 4 5 ¢t 50 100 150 200 250
r/o r/o Iteration ¢

FIG. 3. Convergence of the iterative procedure for an inverse cubic potential at pa? = 0.80 and Be = 10/3, using & = 0.5. (a) Evolution of g,(r) toward the reference (red
line). (b) Effective potentials Bu,(r) reconstructed on the window [0.6630, 50]; the dashed line shows the analytical potential and the thick blue line indicates the initial
guess Bu, = —log ge(r). (c) Convergence metrics as a function of the iteration number .
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B. Inversion algorithm at work

Having obtained the reference RDF g, ((r) as explained in
Sec. I1I A, we now enter the iteration loop. In this part, we use 125
independent configurations produced by the molecular dynamics
simulations.

We illustrate the results in Fig. 3 for the inverse cubic poten-
tial ugs (7). We use a = 0.5 and reconstruct the potential over the
range [0.6630,50], using the potential of mean force as the ini-
tial guess, fu,(r) = —log g,.¢(r). We show the evolution of both the
radial distribution function g,(r) [Fig. 3(a)] and the reconstructed
potential Su,(r) [Fig. 3(b)] as the iteration progresses. Convergence
is monitored using both D(g,, g,.¢) and D(g,, g, ) [see Fig. 3(c)].

From the evolution of the potential, we observe that the non-
physical double-well present in the initial guess is rapidly lost after
a few iteration steps. Nonetheless, matching the precise values and
functional form of the reference potential requires many additional
iterations.

Convergence metrics show that both the difference between
successive iterations and the difference relative to the target drop
below ten parts per million after roughly 160 iterations. Notably, the
former drops by a further two orders of magnitude in twenty steps,
signaling the arrest of the iteration procedure and the approach to
the fixed point.

In terms of computational performance, the entire procedure
for this system requires about ten minutes on a standard laptop.
Each step of the iteration simply requires the calculation of the

@ 5 - - (b) © : :
Burs Buwca
o Reconstruction o Reconstruction

Bu(r)

© 7 ' ' @ ° ' '

radial distribution function over 125 configurations composed of
N = 2916 particles each. This could even be shortened if a less precise
inverted potential were needed, but this method therefore repre-
sents a computationally very cheap inversion method. To achieve
a similar performance using iterative Boltzmann inversion would
have required performing 200 long and independent Monte Carlo
simulations at each iteration step.

C. Results for other potentials

We now collect our results for the different interaction poten-
tials introduced in Sec. [V A. In order to ease the discussion, we set
the inversion cutoff r.y: to match the simulation cutoff r. for each
potential. We checked that increasing rcu beyond r. does not affect
the quality of the inversion, with converged potential curves that
coincide well with the ones presented here.

The long-range r~> potential, often problematic for inverse
methods due to its slow decay, is also reconstructed, as already
shown in Fig. 3.

All the other results are shown in Fig. 4. The overall agreement
between the reconstructed and target potentials is excellent, even for
particularly challenging systems.

Both the Lennard-Jones potential [Fig. 4(a)], characterized
by steep short-range repulsion and a shallow attractive tail, and
the WCA potential [Fig. 4(b)], which is non-zero over a very
narrow region, are accurately resolved, highlighting the robustness

BusH
o Reconstruction

Bur.;
o Reconstruction

2y iL¥ 190 9202 AInC €0

FIG. 4. Potential reconstruction results for various interaction types. The top row displays the reconstructed pair potentials fu(r), while the bottom row shows the
corresponding radial distribution functions g(r). In all panels, the solid black lines represent the reference, and the colored scatter points denote the final recon-
struction results: (a) Lennard-Jones (LJ) at pa? = 0.56, Be = 1.0, « = 0.4, reconstructed over the window [0.9150,2.507; (b) Weeks-Chandler-Andersen (WCA) at
pa? = 0.56, Be = 1.0, & = 0.2, reconstruction window [0.9200, 280 7; (c) LJ at po? = 0.92, Be = 1/2, & = 0.5, reconstruction window [0.863a, 2.55]; (d) Shoulder potential
at high density pa? = 0.28, fe = 1.0, « = 0.2, reconstruction window [0.9110,2.80].
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of the method in handling both attractive regimes and short-range
interactions.

Remarkably, the method remains robust even at high densities
[ po* = 0.92, see Fig. 4(c)], accurately recovering the potential in a
state point where the test-particle insertion method would typically
encounter severe convergence issues.”

Finally, the shoulder potential [Fig. 4(d)], featuring both a
steep repulsive core and an intermediate plateau, is recovered,
demonstrating the ability of the method to capture potentials with
multiple intrinsic length scales.

Across all test cases, potential reconstructions exceed expecta-
tions, with discrepancies appearing primarily in the derived force
profiles. However, this limitation comes from the numerical differ-
entiation used to compute forces. In applications where the goal is
force reconstruction, additional post-processing, such as smoothing
or filtering of the underlying potential, could significantly improve
the quality of the extracted force field, if needed.

V. SUMMARY AND OUTLOOK

In conclusion, we have introduced a simple, robust, compu-
tationally cheap, and flexible Boltzmann inversion algorithm capa-
ble of reconstructing pair potentials directly from an ensemble of
configurations obtained at arbitrary state points.

The method exploits the robustness of iterative Boltzmann
inversion, but a substantial reduction in computational cost is
achieved by replacing expensive Monte Carlo simulations at each
iteration step with a simple evaluation of the RDF using the force for-
mula over the initial dataset. This modification enables hundreds of
iterations within seconds or minutes, which provides superior accu-
racy compared to traditional inversion schemes. The benchmark
tests contained in our paper demonstrate that the method success-
fully recovers interaction potentials across a wide variety of physical
situations, including steeply repulsive cores, short-ranged interac-
tions, and potentials with multiple or very large characteristic length
scales.

Beyond its technical success, the approach holds significant
promise for practical applications. Its efficiency makes it well-suited
for analyzing experimental data, where structural measurements are
often available but the underlying interactions may remain elusive.
Moreover, it provides a viable tool for probing non-equilibrium
systems through effective equilibrium mappings and for develop-
ing coarse-grained models in soft matter and biomolecular con-
texts. In the latter case, an explicit derivation starting from the full
many-body Hamiltonian would be requested. For these systems, our
method would be particularly valuable, since the coarse-graining
could easily be performed at any state point, and the evolution of
effective interactions with thermodynamic parameters could thus be
followed explicitly.*! All these directions will be the focus of future
study, where we plan to apply the algorithm to experimental systems,
non-equilibrium active matter, and coarse-graining problems.
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APPENDIX A: ANOTHER DERIVATION OF THE FORCE
FORMULA

The radial distribution function (RDF) provides a statistical
description of fluid structure. Its definition is

g(r) = I%(Z (r - ffj)>r rij = ri— 1), (A1)

i*j

where p is the number density and N is the number of particles. The
configurational average is taken over the Boltzmann distribution for
a system with potential energy U = U({r},k=1...N),

(...>:%/dN,(...)e—ﬁU, (A2)

Z = der e_ﬁU, (A3)

where $=1/kpT.
We compute the radial derivative 9,¢(r) by differentiating
inside the expectation value,

B,g(r) = P%Z (- V,0(r - 1)). (A4)

i#j

Using O,r = r/r and exploiting symmetry between indices i and j, we
express this as

Brg(r) = 52

i#j

Vrv _Vr,v
<: . (’Z)S(r—r,-j)>. (A5)

Splitting the expectation value into two contributions and focusing
only on one of them, we integrate by parts,

r 1
<; (- r,,-)) (A6)
dNr pur 1
=) et Vo -ry) (A7)
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dVr1 r
— 2Vr, ';5("—"17) (A8)
dVr _

= - /jf AU 78(r—ri,-), (A9)

where f; = -V, U is the total force acting on particle j. The boundary
term is zero assuming that the Boltzmann weight (and, therefore, the
pair potential) decays sufficiently fast. A similar expression holds for
the second term with V,,. Combining both contributions, we find

Org(r) = —Z < (f' -5 6(r— rij)>. (A10)

1:#]

For homogeneous, isotropic systems, the RDF depends only on
the radial distance r = |r|. We extract this radial dependence by
averaging over solid angles,

/s dQ;0,g(r) = Qu0,g(r) = Qug' (1), (A11)

where Q = 2772 /T(d/2) is the surface of the d-dimensional unit
sphere. At this point, the only term that depends on the angular
components is the Dirac distribution, which satisfies the identity,

[ dey; 8(r - r,])_ﬁ (r =) (A12)

Altogether, using the symmetry between i and j to restrict the sum,
we obtain

§n=-3 (Z plEi~6)-

i<j drlj

o(r- r1,)> (A13)

We can then integrate from 0 to r, and noting that g(0) =0 for
quasi-hard core potentials, we obtain

rlJ

g(r) = (Z P —f) - 5 0(r - m)) (A14)
PN\ "'

Alternatively, one can integrate g'(r) from r to co and impose

the condition g(r — co) =1, which holds for systems lacking

long-range order,

g(r)—l—p—(Zﬁ(f £)- 2 ®(ru—r)> (AL5)

i<j Qg4 ij

These expressions are the two equivalent forms of the Borgis for-
mula, expressing the RDF directly in terms of interparticle forces.
These expressions differ from the original study®' by a factor 2 that
was omitted, as already pointed out in Ref. 33.

These expressions do not rely on a specific form of the potential
energy U({r,}), other than its isotropy and the presence of a (quasi-
)hard core, only on the existence of well-defined forces f; acting on
each particle. Therefore, these relations hold for any system where
forces can be defined, including those with many-body interactions
or non-pairwise potentials.
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APPENDIX B: JUSTIFICATION OF ITERATION
FORMULA

To ensure the self-consistency of the paper, we summarize the
key arguments from Schommers”’ that underpin the iterative Boltz-
mann inversion approach and discuss their implications for the
reliability of the algorithm. While the mathematical foundations of
the inverse problem have been studied extensively,'® a general and
rigorous convergence proof for the IBI algorithm itself is lacking.

For simplicity, we study in dimensionless units, absorbing f3
into the potential U(r). Consider a system with a true pair inter-
action potential U” () and its corresponding pair correlation func-
tion g”(r). These are related via the cavity function y' (r), defined
as

O,y = (O ()~ VM)

g () =y (e , (B1)
where y(r) captures all correlations beyond the potential of mean
force. Now, suppose we have guessed a potential U (r) = U?(r),
which yields a pair correlation function g'”(r) through a corre-
sponding y(l)(r). By Henderson’s uniqueness theorem, the result-
ing g # ¢, However, if the y functions are close, i.e., y(r)
= YO (r) + Ay(r) with |Ap(r)| < |y ()], then we can write

y(l)( (U(r)eU(')(T)

O ¢y
r)=g :g(o)(r)eu ™4 Ay(r). (B2)

Rearranging and taking logarithms gives

(0) r r
U () = vO(r) = IOg(imgr; ) +log(1 + YA(OV)(()) ) (B3)

Expanding to first order leads to

U(l)(r) _ U(O)(r) ~ log( (I)Eri) O( Y(O) ) (B4)

This relation provides two useful insights. First, it connects the dif-
ference between the true and guessed potentials to the ratio of their
pair correlation functions, motivating the IBI update rule Eq. (4).
Second, the error in this estimate is controlled by the relative devi-
ation Ay/y"?, rather than by the difference between the potentials
themselves. This means that convergence hinges on the similarity of
the many-body environments between iterations, not on an initially
accurate guess for U(r).

The condition of closeness in y, rather than in U, is significantly
weaker and more practical. For example, in the low-density limit, the
virial expansion gives y(r) = 1 + O(¢), where ¢ is the packing frac-
tion. Therefore, for dilute systems, y(r) is close to unity regardless
of the details of the potential, making the iterative correction reli-
able. This explains why initializing IBI with U(r) = 0 often works
for dilute systems.”’

For denser systems, one may worry that strong many-body
correlations could cause y(r) to differ significantly between itera-
tions, potentially hindering or destabilizing convergence. To address
this concern, we recall the arguments by Soper,** who addressed
the question of convergence at arbitrary density. First of all, using
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the notation AU = U - U® and Ag =gV - 4%, Henderson’s
theorem provides a global constraint,

/AU(r)Ag(r) d'r <0, (B5)

where the integral is over all space. This inequality indicates that, on
average, it is possible to predict the sign of the variation in the pair
correlation function given a change in the potential, and vice versa.
The relative variation of g and U is at the core of the iteration rule in
IBIL.

To understand it better, one can decompose g(r) as g(r) =
g0 (r) + g™ (r), where g (r) = e™™ is the dilute contribution
and g™ (r) captures many-body effects via the potential of mean
force W(r): g (r) = e W@ — 7V Tt is easy to show that, for all 7,
AU(r)Ag® (r) < 050 that

/AU(r)Ag(P) (r)dr <o. (B6)

Combining this with the previous equation yields a bound on the
many-body contribution,

fAU(r)Ag(m)(r) d'r < - /AU(r)Ag(P)(r) dr. (BY)

This shows that the relative variations of the many-body part Ag"™

and that of AU at a given r are not directly related. Yet, the variation
of the many-body contribution g with AU is bounded by a posi-
tive number controlled by the dilute limit. For this reason, the use of
the potential of the mean force in Schommers’ update rule in Eq. (4)
is justifiable even at finite density, although a rigorous convergence
proof remains elusive.

APPENDIX C: STABILITY ANALYSIS

Even in the absence of a convergence proof, one can show that
the iteration is stable. Namely, one can show that a small pertur-
bation of the potential near the correct fixed point disappears by
iterating Eq. (4), rather than exploding. To establish stability, we
adopt a continuous-time view of the iteration. The iterative update
can then be rewritten as

dU:(r) _ &(r)
ran a log (gref(r) ) (C1)

Here, t is now a real variable, and the positive constant a (often
introduced for numerical convergence) does not affect the stability
analysis. The radial distribution function g,(r) is a functional of the
current potential Uy,

g[U](r) = e IO = VO (), (C2)

where W[U](r) is the potential of mean force and y[U](r) the
cavity distribution function' associated with g[U](r).
Now consider a potential close to the target Uyes(7),

M < 1L (C3)

U(r) = Upet(r) + 8U(r), U

ARTICLE pubs.aip.org/aipl/jcp

Since g[Urer] (1) = g,.¢(), the evolution of the perturbation is

doU(r) [ Ures + 8U](7)
a ° 1°g( ) )
_ e U2V Y[ Uret + 8U](r) )
e 1°g( Ty [l (r)
Y[ Uret + U](1)
Y[ Ures] ()

Expanding y to first order in U, we obtain

=-adU(r) +a log( ) +0(8U%). (C4)

M:—QSU‘FQ;Q

2
o U] 3U SU + O(8U?). (C5)

Uret

In the low-density limit, y[U](r) » 1 for all potentials; hence,
8y/8U = 0, and we have

d
a<SU ~ —a8U, (Ce6)
giving
SU(r) = 8Up(r) e, (C7)

Therefore, at low density, any sufficiently small initial perturbation
decays exponentially, confirming the stability of the iteration near
the fixed point. As for the convergence formula mentioned earlier,
it is difficult to extend this argument beyond the dilute limit, which
thus simply serves as a guide for denser systems.
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