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ABSTRACT
We show that all existing methods quantifying rotational motion in molecular fluids eventually have severe limitations in systems undergoing 

complex rotational motion characterized by slow, heterogeneous, or intermittent dynamics. This impacts, in particular, the study of rotational 

dynamics in molecular supercooled liquids near their glass transition, as well as discussions of the decoupling between rotational and trans-
lational motion and violations of the Debye–Stokes–Einstein relation. We present a brief overview of existing methods and explain why none 

of them can accurately capture the evolution of rotational dynamics from a diffusive fluid to an arrested solid, thus resolving inconsistent 

literature results. We then introduce an empirical method that efficiently solves all issues. We benchmark our method by devising a family 

of continuous-time random walk models for rotational dynamics. Our method correctly quantifies the statistics of free and caged rotational 

motion, as well as non-Gaussian and non-Fickian rotational dynamics, and should allow a better characterization of dynamic heterogeneity 

in the rotational motion of supercooled molecular fluids.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0342282

I. INTRODUCTION

In statistical physics, the macroscopic physical behavior of a 

system is explained via the detailed analysis of the microscopic 

degrees of freedom. To understand the dynamic properties of molec-
ular systems, such as transport properties, one should analyze the
microscopic dynamics of the molecules. 

1,2 In general, molecules are
three-dimensional objects characterized by six degrees of freedom 

for their rigid-body translations and rotations, and many more if the 

molecules contain internal degrees of freedom. 

1,3,4 Here, we consider 

the three rotational degrees of freedom of rigid molecules of arbi-
trary shapes that we treat as three-dimensional rigid bodies. 

5 In that 

case, the rotational dynamics can be seen as a random walk in angu-
lar space, obtained from the composition of infinitesimal rotational 

motions, that can be analytically described by rotation matrices. 

Our goal is to quantify the detailed statistics of rotational motion 

emerging at long times in molecular fluids, in particular when the 

system displays slow, heterogeneous, and intermittent dynamics for 

which there can exist a broad range of timescales, in which case

the assumption of Brownian motion with Gaussian statistics breaks 

down. 

6,7

Our central motivation to revisit such a classic problem stems 

from the study of deeply supercooled molecular fluids approach-
ing their glass transition. 

6–8 In that case, the molecular dynamics
slows down dramatically, and it is generally expected that an analytic 

description of these dynamics in terms of a free angular diffusion 

model becomes inadequate. 

7 There are many experimental 

6,7,9,10 and 

numerical 

11 indications that molecular motion becomes intermit-
tent, characterized by a broad distribution of timescales, leading to 

possible decoupling between rotational and translational motion 

12,13 

and violations of the Debye–Stokes–Einstein relation between trans-
port coefficients. 

6,14–17 Superficially, these questions appear well-
documented, but we have recently discovered, during the course of a 

molecular dynamics study, 

18 that available methods to quantify rota-
tional motion all suffer from severe limitations and may even lead to 

physically inconsistent results. These observations have motivated 

the present theoretical analysis.
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In general, rotational motion can be analyzed via two qualita-
tively different approaches.

In the first approach, the information about rotational motion 

is inferred by observing the molecule at two discrete times. 

19,20 The 

molecule is first observed at an arbitrary initial time, t = 0, and 

at a consecutive time t > 0 later. If these observations are done 

in a numerical simulation, one may be able to reconstruct a 3 × 

3 rotation matrix, R(t), that would transport the molecule from 

its initial position at t = 0 to the final one at t. Equivalently, this 

defines an angular displacement that can be represented by a three-
dimensional rotation vector, ϕ(t) (see Sec. II for precise definitions). 

While these two objects are relatively easily extracted in a simula-
tion, experimental techniques 

19,21–24 such as dielectric spectroscopy, 

depolarized dynamic light scattering, nuclear magnetic resonance, 

or optical Kerr effect experiments, determine angular correlation 

functions that contain equivalent information about molecular rota-
tions evaluated at two times t = 0 and t. 

20 In dielectric experiments, 

for instance, one has access, when cross-correlations are negligi-
ble, 

25 to the time correlation C 1 
(t) = ⟨P 1 

(cos θ(t))⟩, where θ(t) 

represents the amplitude of the rotation of the dipolar moment and 

P 1 
(x) the Legendre polynomial of rank 1. In this example, θ(t) is 

directly related to the projection of the rotation vector ϕ(t) along 

the direction of the applied electric field.
In this first family of methods, the angular displacement is 

necessarily bounded because ∣ϕ(t)∣ ∈ [0, π] by construction. This 

makes sense because the position of the molecule at time t is 

the same whether it made one or several turns in the time inter-
val [0, t]. In addition, functions such as C 1 

(t) are unaffected if 

θ(t) → θ(t) + 2π. As a result, the total angular displacement is also 

necessarily bounded: lim t→∞ 
⟨∣ϕ(t) − ϕ(0)∣ 2 ⟩ → const. There exists 

no long-time Fickian limit from which a rotational diffusion con-
stant, D rot 

, can be extracted. In dielectric experiments, it is therefore
customary to define instead a timescale τ 1 

from the time decay 

of C 1 
(t) to quantify the rotational dynamics. It is then some-

times assumed that D rot 
∝ τ−1

1 , with the implicit hypothesis that the 

motion of the dipolar moment can be described by a simple Brow-
nian motion on the unit sphere. 

5 A central issue arises with these 

approaches when the rotational dynamics only becomes Gaussian 

and Fickian at long times and the underlying assumptions break 

down.
A second family of approaches can be developed when the 

molecules can be tracked at all times over the interval [0, t], as 

is possible in computer simulations or microscopy experiments of 

colloidal systems. In that case, the idea is to define an angular dis-
placement between times 0 and t that accumulates infinitesimal
angular displacements along the entire trajectory. 

26–31 This seems
to make intuitive sense as this opens the possibility to distinguish 

between molecules that make one or several turns. By analogy 

with translational motion where the total displacement is the time 

integral of the instantaneous translational velocity, a total angular 

displacement ϕ(t) defined as the time integral of the angular veloc-
ity was analyzed in many previous works, in particular in the context
of glass transition studies.26,32–43 By construction, this total rota-
tional displacement is no longer bounded and can potentially keep 

track of multiple 2π rotations (think of the simple case of a spin-
ning object). As a result, this integral method can be used to define

a mean-squared angular displacement that becomes Fickian in the 

long-time limit,

lim 

t→∞∣ϕ(t) − ϕ(0)∣ 2 = 3D rot 
t, (1)

which defines D rot 
as a long-time rotational diffusion constant. This 

approach has been used extensively in the literature on supercooled 

liquids, even though some authors have noted that this observ-
able may lead to results that are difficult to interpret 

40 or that 

are interpreted as challenging the very concept of a rotational dif-
fusion constant. 

37 We will show that the integral method is, in
fact, mathematically inconsistent because it incorrectly assumes that 

three-dimensional rotation matrices commute. As a result, the time 

integral accumulates small errors that eventually prevent the correct
evaluation of D rot 

at large times.
In this paper, we demonstrate that in molecular systems where 

rotational dynamics is slow or intermittent, the two families of 

existing approaches have such severe limitations that they fail to 

capture the correct value and temperature evolution of a long-time 

rotational diffusion constant. This problem is particularly acute for 

supercooled molecular liquids where both types of measurements 

completely fail; thus, they provide an incorrect physical picture 

of the relation between rotational and translational motion at the 

molecular scale and of the evolution of rotational dynamics across 

the glass transition. The method and analysis we propose here are 

specifically aimed at computer simulations where the orientation of 

molecules is accurately known at all times. Our goal is to extract 

physically correct and accurate physical observables to quantify 

rotational dynamics at large times.
To support these claims, we introduce a family of relatively 

simple models for angular rotational motion that are inspired by 

continuous-time random walk models that were initially created to 

describe translational diffusion in complex media. 

44 By carefully cre-
ating these analytic models, we will expose the limits and problems 

encountered with conventional methods and show their inability to 

follow the gradual transition between a diffusive fluid to an arrested 

solid. We will then propose an empirical method that allows us to 

extract a rotational diffusion constant for systems displaying com-
plex orientational dynamics. We demonstrate its applicability in a 

series of models of increasing complexity that mimic the slow and 

heterogeneous dynamics of supercooled molecular fluids in both liq-
uid and glass phases. We conclude that the concept of a long-time 

rotational diffusion constant can be valid in supercooled molecu-
lar fluids but that it was not properly accessed in earlier numerical 

simulations. In addition, it cannot be easily determined using scat-
tering experiments but could be determined in confocal microscopy 

studies of colloidal systems. We discuss the implications of our 

work, which should be broadly applicable to revisit the molecular 

dynamics of fluids characterized by slow and anomalous rotational 

dynamics.
In Sec. II, we introduce the formalism and available methods to 

keep track of the rotational motion of three-dimensional objects. In 

Sec. III, we demonstrate the limits of both families of conventional 

methods. In Sec. IV, we introduce a new way to study rotational 

motion. In Sec. V, we validate this method using a series of simple
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models for rotational motion. We conclude and discuss perspectives 

for future work in Sec. VI.

II. KINEMATICS OF ROTATIONAL DYNAMICS
A. Rotation matrices and rotation vectors

Let us consider a rigid body in three dimensions (d = 3). 

We attach to it a body-fixed Cartesian coordinate system, denoted 

XYZ(t), which evolves with time, and compare it to a space-fixed 

Cartesian system, xyz. A rigid body has six degrees of freedom: three 

for translations and three for rotations. We focus exclusively on the 

rotational degrees of freedom and disregard translations. For con-
venience, we choose the space-fixed axes xyz to coincide with the 

body-fixed axes XYZ(0) at t = 0, so that both frames are initially 

aligned. By convention, the axes of xyz coincide with the standard 

basis vectors e x 
= (1, 0, 0) 

⊺, e y 
= (0, 1, 0) 

⊺, and e z 
= (0, 0, 1) 

⊺.
The orientation of the rigid body at time t can be represented 

by a rotation matrix, R, that belongs to the special orthogonal group 

SO(3). The rotation matrix maps a given vector expressed in the 

body-fixed frame XYZ(t) to its representation in the space-fixed 

frame xyz. Equivalently, the columns of the matrix R are the coordi-
nates of the body-fixed axes expressed in the space-fixed basis. Since 

R ∈ SO(3), it satisfies 

45

RR 

⊺ = I , det (R) = 1. (2)

An alternative, and often more intuitive, representation of
three-dimensional rotations is the axis-angle formulation, 

46 which 

follows directly from Euler’s rotation theorem. 

47 Any rotation can
also be described by a rotation angle θ ∈ [0, π] about a unit vec-
tor n ∈ R 

3, with ∣n∣ = 1. The corresponding rotation vector (or Euler 

vector) is defined as

Ω = θn. (3)

Other formalisms to represent rotations exist, such as Euler angles 

48 

and quaternions, 

49 but they are not required for the present dis-
cussion, as they contain equivalent information that would lead to 

similar conclusions.
To connect the vector and matrix representations, we introduce 

the skew-symmetric operator,

(̃⋅) : R 

3 → so(3), (4)

where so(3) denotes the Lie algebra of SO(3), consisting 

of 3 × 3 skew-symmetric matrices. 

45 For a given Euler vector
Ω = (Ω x, Ω y, Ω z) 

⊺, we define the operator as

Ω̃ = 

⎡ ⎢ ⎢⎢ ⎢⎢⎢ ⎣ 

0 −Ω z Ω y 

Ω z 
0 −Ω x 

−Ω y Ω x 0 

⎤⎥⎥⎥⎥ ⎥ ⎥ ⎦

. (5)

This mapping is bijective, meaning that for any skew-symmetric
matrix Ω̃ = [ Ω̃ ij 

] ∈ so(3), there exists a corresponding rotation
vector Ω:

Ω = (−Ω̃ 23 
, Ω̃ 13 

, −Ω̃ 12) 

⊺. (6)

We summarize in Fig. 1 the conversion methods from matrix to 

vector rotations, and the inverse path.

FIG. 1. Schematic representation of the conversion from a rotation matrix R to the 

skew-symmetric matrix representation of the corresponding rotation vector 

˜ Ω via 

the logarithm mapping and the inverse conversion via the exponential mapping. 

The rotation vector Ω is easily extracted from its skew-symmetric representation 

Ω̃ by reading the matrix entries, and vice versa.

B. Converting a rotation vector to a rotation matrix 

The relationship between a rotation vector Ω = θn and its cor-
responding rotation matrix R is given by the matrix exponential: 

45

R = exp Ω̃. (7)

This exponential map provides the fundamental link between so(3) 

and SO(3). Although exp Ω̃ can be computed via its Taylor series 

expansion, a closed-form and numerically stable alternative is given 

by the Rodrigues rotation formula: 

50

R = I 3 
+ sin θ ˜ n + (1 − cos θ) ˜ n 2 , (8)

where ˜ n = Ω̃/θ is the skew-symmetric matrix associated with n.

C. Converting a rotation matrix to a rotation vector 

Conversely, given a rotation matrix R ∈ SO(3), the correspond-
ing rotation vector Ω can be extracted from the skew-symmetric 

matrix Ω̃, which is itself obtained using the matrix logarithm:

Ω̃ = log R. (9)

As with the exponential, computing the logarithm directly is possi-
ble but numerically suboptimal. An efficient alternative is described 

in Ref. 51 and proceeds as follows. First, the axis of rotation n is 

obtained as the eigenvector of R with eigenvalue 1:

Rn = n. (10)

Then, the cosine and sine of the rotation angle θ are computed from

cos θ = 1
2
(Tr (R) − 1), (11)

sin θ = −1
2

Tr (ñR). (12)

The angle θ is then recovered using the two-argument arctangent 

function atan2(y, x), which returns the argument of the complex 

number x + iy:

θ = atan2(sin θ, cos θ). (13)

Finally, the rotation vector is reconstructed as Ω = θn. Although 

this procedure differs from the conventional arccos-based extraction 

method, it provides improved numerical stability, particularly when 

cos θ is close to ±1.
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D. Combining successive rotations
Consider two successive rotations of a rigid body, represented 

by two rotation vectors Ω 1 
and Ω 2, both expressed in the two 

consecutive body-fixed frames XYZ. The overall rotation matrix 

corresponding to the composition of these two rotations is given by

R = exp Ω̃ 1 
⋅ exp 

˜ Ω 2, (14)

where Ω̃ i 
∈ so(3) denotes the skew-symmetric matrix associated

with the rotation vector Ω i. As the overall rotation matrix lies in
SO(3), it can be expressed as R = exp Ω̃, with Ω the total rotation
vector.

The order of the multiplication in Eq. (14) is crucial. Since 

SO(3) is a non-Abelian Lie group, the corresponding rotation 

matrices do not commute in general, so that

exp Ω̃ 1 
⋅ exp Ω̃ 2 

≠ exp 

˜ Ω 2 ⋅ exp Ω̃ 1 
. (15)

This directly implies that R is not equal to exp ( Ω̃ 1 
+ Ω̃ 2 
). The total

rotation vector is therefore not given by the sum of the individual 

rotation vectors:

Ω ≠ Ω 1 
+Ω 2. (16)

By induction, for N successive rotations of the rigid body, 

defined by rotation vectors Ω 1, . . . , Ω N 
in the body-fixed frame, the 

total rotation matrix is

R = exp Ω̃ 1 
⋅ exp 

˜ Ω 2 ⋅ ⋅ ⋅ ⋅ ⋅ exp 

˜ Ω N , (17)

with each Ω̃ i 
∈ so(3) corresponding to the skew-symmetric repre-

sentation of each Ω i. By the same reasoning, the total rotation vector 

R is not equal to the sum of the individual rotation vectors,

Ω ≠ 

N

∑ 

i=1
Ω i, (18)

but is instead obtained by converting R from Eq. (17) into its 

corresponding Euler vector using the formalism in Sec. II C.

E. Two simple numerical models: Free and confined 

angular random walks
To test the validity and accuracy of various definitions of 

a total angular displacement, we first devise two simple numer-
ical models. In essence, these models generate a dynamic trajec-
tory for a body-fixed coordinate system XYZ(t) by combining 

small successive rotations and starting from the initial condition 

R(t = 0) = I 3 
.

In the first model, we generate a free angular random walk 

where a small rotation vector δϕ is applied in the rotating body-fixed 

frame, causing the rotation matrix at time t + δt to evolve according 

to

R(t + δt) = R(t) ⋅ exp δ ϕ̃(t), (19)

where δ ϕ̃(t) is the skew-symmetric matrix associated with the rota-
tion vector δϕ(t). In the example shown in Fig. 2(a), we consider a 

continuous-time random walk (CTRW) where the time intervals δt 

are drawn from a Poissonian distribution, P(δt) = τ 

−1 exp (−δt/τ)

FIG. 2. Simple models for (a) a free and (b) a confined angular random walk, as 

introduced in Sec. II E. The parameters are τ = 1 for the distribution of jump times, 

ϵ = 0.05 for their maximal amplitude, and θ c 
= 0.2 for the confining angle in (b). 

The trajectory in (c) is the combination of cage dynamics and intermittent jumps, 

as introduced in Sec. V A. The cage parameters are identical to (b) and the jump 

parameters are ϵ j 
= 0.25 = 5ϵ, and τ j 

= 400. In all panels, the color codes for the 

time.

with τ = 1, and the three components of the rotation vectors δϕ 

are independent random numbers drawn from the flat distribution 

[−ϵ, ϵ], with a small amplitude ϵ = 0.05. This first model mimics the 

diffusive rotational dynamics of a free molecule. In the limit ϵ → 0, 

it corresponds to a Brownian motion in SO(3) that is discussed fur-
ther in the Appendix. This is physically analogous to the more usual 

rotational diffusion on the unit sphere, 

52 but not equivalent, as the 

latter process only involves two independent degrees of freedom. A 

representative trajectory obtained for the free angular random walk 

is shown in Fig. 2(a).
We devise a second model to mimic the physics expected for 

low-temperature glassy systems where rotational motion may get 

frozen, the molecular orientation is now confined within a restricted 

cage, and the molecules never fully rotate. To this end, we gen-
erate trajectories using again Eq. (19), but we add a constraint: 

if the angle θ(t + dt) corresponding to the total rotation matrix 

R(t + dt) becomes larger than a threshold θ c, the small angular jump 

is rejected and R(t + dt) ← R(t). In the example shown in Fig. 2(b), 

we have chosen an orientational constraint θ c 
= 0.2, using again

τ = 1 and ϵ = 0.05. Notice that the cage constructed by this sim-
ple model does not correspond to a Gaussian distribution of angles 

around the average position, as would be generated by thermal fluc-
tuations in an arrested solid. A simplified version of this model 

(diffusion of a rod restricted to a cone) was studied analytically 

before. 

53

The combination of caged dynamics and intermittent jump 

events shown in Fig. 2(c) is introduced below in Sec. V A.

III. CONVENTIONAL METHODS AND THEIR 

LIMITATIONS
The conventional methods can be organized into two broad 

categories. In the first category, the system is observed at times t = 0 

and t, and the rotational displacement between these two times is 

estimated. In the second family, the system is observed at all times 

between t = 0 and t, and the rotational displacement is accumu-
lated from infinitesimal displacements along the entire trajectory. 

In this section, we demonstrate that each approach may fail even in 

very simple cases, and this considerably impacts the measurement 

of a long-time rotational diffusion constant in systems with slow 

dynamics.
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A. Using the total rotation vector between two times 

When the molecule is observed at times t = 0 and t > 0, the 

angular displacement ϕ(t) between these two times can be estimated 

via the total rotation vector Ω(t), also known as the Euler vector, as 

defined in Eq. (3).
Writing Ω = θn, with n a unit vector, it follows that ∣ϕ(t)

− ϕ(0)∣ 2 = ∣Ω(t)∣ 2 = θ 

2 . Since the rotation angle satisfies θ ∈ [0, π], 

this implies that 0 ≤ θ 

2 ≤ π 

2, and the total angular displacement is 

therefore bounded.
This is physically reasonable: when observing the molecule at 

times 0 and t only, it makes no difference whether the molecule per-
formed one or multiple rotations before arriving at its final position 

at time t. Consequently, this observable does not exhibit unbounded 

diffusive growth. In that case, a rotational diffusion constant can 

only be defined if the motion is Fickian much before the angu-
lar displacement reaches its upper limit. This obviously becomes 

problematic in situations where the rotational motion only becomes 

Fickian at very large times.
To illustrate this point, we show in Fig. 3 the mean-squared 

angular displacement,

Δϕ 

2 (t) = ⟨∣ϕ(t) − ϕ(0)∣ 2 ⟩, (20)

where the brackets indicate an average over an ensemble of trajec-
tories. We have measured this quantity for both the confined and 

the free angular random walk models introduced in Sec. II E using 

10 

4 trajectories. In both models, we use a Poissonian distribution 

of jump times with τ = 1, and we reject jumps when θ(t) > θ c 
= 0.2 

for the confined model, whereas all jumps are accepted for the free 

model. The results are displayed in Fig. 3.
For the confined model in Fig. 3(a), we observe that Δϕ 

2 (t) 

grows diffusively at very short times and reaches a plateau at long 

times, whose value is set by θ c, as expected. However, the same qual-
itative behavior is observed for the free random walk model, see 

Fig. 3(b). In that case, the long-time plateau does not result from 

the physics of the model but stems from the definition of the observ-
able itself, which is bounded at long times. These results confirm the 

absence of a long-time Fickian limit for Δϕ 

2 (t) in all cases when 

using this approach.
The two plateau values can be estimated analytically, as they 

correspond to the uniform sampling of the rotation axis n on the

FIG. 3. Test of the Euler vector method on (a) a confined and (b) a free angular 

random walk. In (b), no Fickian regime is reached at large times because the 

angular displacement is bounded, preventing the definition of D rot 

using Eq. (1) for 

the diffusive model.

unit sphere and a probability density function for θ, denoted p(θ), 

of the form given in Ref. 54 (see the Appendix for an alternative 

derivation):

p(θ) = 2
θc − sin θc

sin2(θ
2
), (21)

leading to the second moment

⟨θ2⟩ = θ3
c /3 + (2 − θ2

c) sin θc − 2θc cos θc

θc − sin θc
. (22)

For small θ c, we get the expected scaling behavior θ 

2 ≈ 3 

5 

θ 

2
c . The hor-

izontal dashed lines in Fig. 3 confirm that Δϕ 

2 (t → ∞) = ⟨θ 

2 ⟩, using 

respectively θ c 
= 0.1 and θ c 

= π in Eq. (22).
For the free random walk with the chosen parameters, 

we expect the rotational diffusion constant to be given by
D rot 
= ϵ 

2 /(3τ). While the relation Δϕ 

2 (t) = 3D rot 
t is obeyed at short

times in Fig. 3(b), the long-time limit of Δϕ 

2 (t) cannot be used to 

estimate the rotational diffusion coefficient. In addition, there is no 

timescale over which the distribution of angular displacement is a 

Gaussian because it is a bounded variable. This demonstrates our 

central point: for more complex systems where a Fickian limit is only 

reached at large times and large displacements, Δϕ 

2 (t) may reach its 

asymptotic plateau [π 

2 /3 + 2, given by Eq. (22)] long before the Fick-
ian regime is entered, which can therefore never be studied using this 

approach.

B. Integration of the angular velocity along 

the trajectory
When the system can be observed at all times between t = 0 and 

t, it is possible to define a total angular displacement as the sum of 

small increments. 

26 For a continuous-time process, this amounts to 

defining the angular displacement vector, ϕ(t), as the time integral 

of the instantaneous angular velocity vector, ω(t):

ϕ(t) = ∫ 

t

0
ω(t 

′ ) dt 

′. (23)

In the present context, the angular velocity vector, ω(t), is defined 

by the infinitesimal rotation vector, dϕ(t), which maps the orien-
tation of a body-fixed frame, XYZ(t), to its subsequent orientation 

at t + dt, namely, ω(t) = dϕ(t)/dt, and Eq. (23) can be alternatively 

expressed as

ϕ(t) = ∫ 

t

0
dϕ(t 

′ ). (24)

This formulation provides a direct method for tracking the cumu-
lative rotational motion of a molecule over time. The use of the 

integrated angular velocity as an observable for molecular rota-
tion has been a subject of extensive investigations, particularly in 

the study of supercooled liquids and glass-forming systems. 

26,32–43 

Finally, for a discrete-time process composed of small increments, 

Eq. (24) becomes a discrete sum:

ϕ(t) = ∑ 

i
δϕ(t i 

). (25)

For the two models discussed in Sec. II E, we use Eq. (25) to 

obtain ϕ(t) for each trajectory, and the average over trajectories then
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yields Δϕ 

2 (t) via Eq. (20). The results are shown in Fig. 4. They are 

qualitatively very different from those obtained with the Euler vector 

in Fig. 3 for both of our simple models.
For the confined angular random walk, the data in Fig. 4(a) 

reflect the correct physics at short times, with a diffusive initial
growth, followed by a plateau regime, with a height that agrees with 

the expected analytic prediction. However, the long-time dynamics 

is diffusive again. This is surprising at first sight, as the trajectories 

are all confined in a small angular sector, as shown in Fig. 2(b). This 

result demonstrates that, for this integral method, an apparent Fick-
ian regime is obtained. This would then define a finite rotational
diffusion coefficient, D rot 

> 0, although we expect that D rot 
= 0 for

the confined model.
Turning to the free angular random walk in Fig. 4(b), the mean-

squared angular displacement is Fickian over all timescales (except 

perhaps at very short times due to the small number of steps), and
this defines a finite rotational diffusion coefficient, D rot 

> 0, which
agrees with its theoretical prediction, D rot 

= ϵ 

2 /(3τ).
These results show that the angular displacement defined by 

an integral approach always leads to a Fickian behavior at large 

times with a rotational diffusion coefficient that can be estimated 

correctly or incorrectly, depending on the model. This is of course 

inconvenient.
Mathematically, this failure is in fact very natural. In the 

integral approach, the total angular displacement is estimated via 

Eq. (25), whereas in the original model, the total rotation matrix is 

given by

R(t) = ∏
i

exp d ϕ̃(t i 
), (26)

with d ϕ̃(t i 
) the skew-symmetric matrix associated with the rota-

tion vector dϕ(t i 
). As anticipated in Sec. II D, the rotation matrix

in Eq. (26) is not equal to exp ϕ̃(t). In other words, the total angu-
lar displacement ϕ estimated in Eq. (25) is unrelated to the correct 

rotation matrix R(t).
In practice, a small error is made in each increment of the 

sum in Eq. (25), which appears as an incorrect simplification of the 

true motion that is instead described by Eq. (26). This error can 

be estimated via the Baker–Campbell–Hausdorff formula. 

55 For the

FIG. 4. Test of the integral method on (a) a confined and (b) a free angular random 

walk. In (a), an erroneous Fickian regime appears due to an accumulation of small 

errors.

combination of two small displacements of typical amplitude ϵ, one 

has

ϕ̃(t1 + t2) = dϕ̃(t1) + dϕ̃(t2) +
1
2
[dϕ̃(t1), dϕ̃(t2)] + O(ϵ3), (27)

where the square brackets denote the matrix commutator. This for-
mula makes it clear that the estimate of the angular displacement as 

an integral would be correct if rotation matrices were commuting 

objects. In general, this is, however, not the case. We checked that 

including higher-order terms in Eq. (27) only reduces the error, but 

this does not solve the problem.
The accumulation of small errors at each step has dramatic con-

sequences for the case of a confined angular random walk. Whereas
the true rotation matrix remains bounded by the cage angle θ c, the 

total angular displacement evaluated as an integral is dominated 

at large times by the accumulation of small errors that results in 

an apparent Fickian behavior in Δϕ 

2 (t) ∝ t, which is a physically 

incorrect result in that case. More broadly, we conclude that the
integral method is unable to capture the evolution of the rotational 

diffusion constant across a fluid-to-solid transition. See more data 

on this point in Sec. V A below.

IV. A NOVEL METHOD TO QUANTIFY LONG-TIME 

ROTATIONAL MOTION
We have examined two distinct definitions of a total angular 

displacement that have advantages and limitations. The total Euler 

vector correctly captures the confined angular random walk but 

never approaches a Fickian limit at large times for the diffusive case. 

On the other hand, the integral approach correctly captures a Fick-
ian limit for the free angular random walk, but is dominated by an 

accumulation of errors for the confined model.
We would like to introduce a definition of a total angu-

lar displacement that would correctly capture the physics of both 

confined and free angular random walks. If successful, we could 

then attack problems where Fickian dynamics only arises at large 

times, for which unbounded angular displacements are needed, or 

systems undergoing a transition from free diffusion to confined 

motion.
To this end, we introduce a new parameter, a threshold angu-

lar displacement, θT 

, that will be adjusted empirically and is used as
follows. See Fig. 5 for a concrete illustration in the case of a free angu-
lar random walk using the parameters τ = 1 and ϵ = 0.25. Starting 

from the usual initial conditions R(t = 0) = I 3 
, we initially con-

struct an angular displacement using the Euler vector ϕ(t) = Ω(t, 0) 

associated with the rotation matrix R(t, 0) between times 0 and t. 

This definition is used up until a time T 1 
defined as the first time 

when the angular displacement becomes larger than the threshold,
∣Ω(t = T 1 

, 0)∣ = θT 

. Up to T 1 
, our method is thus identical to the one

using the total Euler vector described in Sec. III A.
The difference arises for t > T 1 

. For times t > T 1 
, the angu-

lar displacement is now estimated by first constructing the rotation 

matrix R(t, T 1 
) between times T 1 

and t, and its associated Euler vec-
tor Ω(t, T 1 

). We then define the total angular displacement vector 

as ϕ(t) = Ω(t, T 1 
) +Ω(T 1 

, 0). This new definition is used until a
time T 2 

when the threshold is again crossed, ∣Ω(t = T 2 
, T 1 
)∣ = θ T 

.
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FIG. 5. (a) The time evolution of the amplitude of the total Euler vector ∣Ω(t, 0)∣ 
representing the rotation matrix between times 0 and t leads to a bounded angular 

displacement 0 ≤ θ(t) ≤ π. (b) When an angular threshold θ T 
= 1 is introduced 

(horizontal dashed line), the amplitude of the Euler vectors ∣Ω(T i−1 

, T i 
)∣ is now 

computed in the time intervals between threshold crossings (vertical dashed lines). 

(c) The accumulated angular displacement ∣ϕ(t)∣ defined in Eq. (28) leads to an 

unbounded angular displacement that no longer saturates to π (dashed line).

For t > T 2 
, the rotation matrix R(t, T 2) is considered and the pro-

cess is continued until the passage times T 3 
, T 4 

, . . . are crossed. After 

n such crossings, the total angular displacement vector is given by

ϕ(t) = Ω(t, T n 
) + 

n

∑ 

i=1
Ω(T i, T i−1 

), (28)

where we have set T 0 
= 0. The time series in Fig. 5(b) shows the

evolution of each term ∣Ω(t, T i−1)∣ in Eq. (28), with the choice
θT = 2.

Clearly, the definition in Eq. (28) depends on a novel para-
meter, the threshold angle θT 

, that sets the series of times T i 
at

which the threshold is crossed. There are two interesting limiting 

behaviors. When θ T 

→ 0, the threshold is crossed at all timesteps and 

Eq. (28) reduces to the sum of angular increments; our method then 

becomes equivalent to the integral method described in Sec. III B. 

The opposite limit is when θ T 

→ π, in which case the angular thresh-
old is never crossed, and Eq. (28) reduces in that case to the Euler 

vector method described in Sec. III A.
These two limits illuminate why the threshold method can 

be useful. Because it smoothly interpolates between the two con-
ventional methods exposed above, it benefits from their respective 

advantages while removing their inconsistencies. Let us see why. 

First, because the total angular displacement is a discrete sum, 

Eq. (28), it accumulates angular displacements over discrete periods, 

and this should give rise to an unbounded mean-squared angular

displacement, Δϕ 

2 (t), when rotational motion is unconfined. In that 

case, a Fickian regime is reached at long times that defines a rota-
tional diffusion constant D rot 

using Eq. (1). The unbounded angular 

displacement emerging from the threshold method is illustrated in 

Fig. 5(c), to be compared with the bounded Euler vector in Fig. 5(a). 

Second, in the case of a confined random walk, the threshold 

is never crossed if the threshold is chosen larger than the confining
angle, θT > θ c. In that case, the sum in Eq. (28) reduces to its first
term, and the Euler vector method is recovered: it works well in that 

case, recall Fig. 3(a).
The conclusion is that the threshold method is in principle able 

to capture the correct physical behavior in both limits of a confined 

and a free angular random walk, unlike the conventional methods 

that failed in either one of these two cases. We now demonstrate 

numerically that this is the case. In the following (Sec. V), a series 

of models of increasing complexity is considered to test further the 

applicability of the threshold method in Eq. (28).
We use Eq. (28) to measure the mean-squared angular dis-

placement Δϕ 

2 (t) in both confined and free angular random walks, 

see Fig. 6. For the confined random walk in Fig. 6(a) with θ c 
= 0.2,

ϵ = 0.05, and τ = 1, we set θT = 2.0. Since the threshold is never
crossed, we recover the same (correct) result as in Fig. 3(a), with-
out the accumulation of errors at large times observed in Fig. 4(a) 

for the integral method.
For the free random walk in Fig. 6(b) with τ = 1 and ϵ = 0.05, 

a Fickian behavior is reached at long times, confirming that the 

total angular displacement in Eq. (28) can grow without bounds. 

In particular, this allows us to extract a rotational diffusion con-
stant D rot 

. Numerically, we find that D rot 
depends very weakly on the

threshold value θT 

, with the two obvious limits recovered, namely,
D rot 
= ϵ 

2 /(3τ) for θ T 

→ 0, and D rot 
= 0 for θT ≥ π. In practice,

D rot 
≈ ϵ 

2 /(3τ) for a broad range of θ T 

values, until it drops abruptly
to zero when θ T 

→ π. [For instance, with θT = π/2, we obtain
D r 
≈ 0.93ϵ 

2 /(3τ), corresponding to a difference of roughly 7% com-
pared to the θ T 

→ 0 value.] We shall discuss further below how to 

best adjust θ T 

in more complex situations.

V. CONTINUOUS TIME RANDOM WALK MODELS 

OF ROTATIONAL MOTION
We now introduce a series of models for angular random walks 

that lead to more complex, slow, or intermittent dynamics. This

FIG. 6. Test of threshold method on (a) a confined and (b) a free angular random 

walk. The threshold method properly captures both the plateau regime of confined 

angular motion and the Fickian regime of a freely diffusive one.
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is done by introducing more complicated choices for the distribu-
tions of timescales and angular jumps to explore a broader range 

of behaviors that are typical of anomalous diffusion in complex 

and disordered materials. Our goal is to test whether the thresh-
old method introduced in the previous Sec. IV correctly captures 

and quantifies the physics in all of these cases, which we believe are 

relevant for the physics of dense molecular fluids.

A. Intermittent cage escape
In a first model, we combine fast, confined motion with 

intermittent escape jumps out of the confined region. This caged 

dynamics interrupted by rare jumps represents a simplified model 

that mimics the single-molecule intermittent rotational dynamics 

observed in deeply supercooled molecular liquids. 

6,17

The intermittent cage escape model is defined as follows. We
start from the confined angular random walk model above. A small 

random rotation controlled by a parameter ϵ is performed every δt, 

where δt is drawn from a Poissonian distribution of average τ = 1.
For the random rotations, we draw the three components of the
rotation vector uniformly in the interval [−ϵ, ϵ] and reconstruct the 

corresponding total rotation matrix using the formalism in Sec. II.
For the confinement, we use the maximum angle θ c, and reject 

moves when the accumulated angular rotation becomes larger than 

θ c.
To introduce intermittent escapes out of the cage, we 

define a second Poissonian distribution of escape times,
P(δt) = τ−1

j 

exp (−δt/τ j 
), with τ j 

≫ 1. We draw escape times
from P(δt) and perform confined random walks in between the 

jumps as described before. In a jump out of the cage, the system 

performs a random rotation using again a random rotation vector, 

with components now drawn from the flat distribution [−ϵ j, ϵ j 
],

where ϵ j 
> ϵ controls the typical amplitude of the rotational jumps. 

We define the position immediately after the jump as the center of
the new cage. A confined rotational motion is then restarted from
there, until the next cage jump. We show in Fig. 2(c) a representa-
tive trajectory of the system using τ j 

= 4 × 10 

2 and ϵ j 
= 0.25. The

trajectory qualitatively resembles the behavior observed in deeply 

supercooled molecular liquids. This model is close, in angular
space, to the continuous random walk model proposed in Ref. 56 in 

position space.
To perform quantitative measurements, we implement this 

intermittent cage escape model, using ϵ = 0.05 for the cage ampli-
tude and ϵ j 

= 0.25 for the rotational jumps. We are thus left with a 

single parameter, τ j, that controls the average time between the cage
jumps, which we vary systematically from τ j 

= 10 

2 to τ j 
= 5 × 10 

6 . 

We use Eq. (28) to reconstruct the total angular displacement vec-
tor ϕ(t), using a threshold θT = 2.0. This value is chosen to satisfy
both constraints θ c 

< θT < π so that confined motion does not lead
to an accumulation of small errors, allowing us to correctly construct 

an unbounded angular displacement. After averaging over 10 

4 tra-
jectories, we obtain the angular mean-squared displacement Δϕ 

2 (t) 

shown in Fig. 7(a). For each τ j, we observe the expected two-step 

dynamics with a rapid approach to a plateau value controlled by the 

cage size—controlled by θ c, see Eq. (21)—followed by a much slower 

approach to a Fickian regime, Δϕ 

2 (t) ∼ t, that we use to extract a 

rotational diffusion constant D rot 
using Eq. (1). When the timescale 

τ j 
for the cage escape is varied, the angular rotational diffusion

FIG. 7. (a) Time dependence of the mean-squared angular displacement for 

various average escape times τ j 
from τ j 

= 10 

2 to 5 × 10 

6 using the threshold 

method. (b) The extracted rotational diffusion constant D rot 

scales inversely with τ j 

(dashed line). The integral method provides correct results for small τ j 
but leads

to erroneous estimates of D rot 

at large τ j , reminiscent of literature results.

becomes slower and the Fickian regime is entered at a longer time. 

We show in Fig. 7(b) that D rot 
scales inversely with τ j, as expected. 

The relevance of the threshold method is illustrated in Fig. 7(b), 

where we report the rotational diffusion constant that would be 

extracted from the integral method defined in Sec. III B and conven-
tionally used in previous simulations of supercooled liquids. In that 

case, the angular mean-squared displacements also become Fickian, 

but the extracted rotational diffusion constant saturates, for large τ j, 

to an incorrect value. This value corresponds to the value measured 

for the confined random walk in Sec. III B, and it is dominated by the 

accumulation of errors discussed in Sec. III B, and it has no physi-
cal meaning. There are several examples of similar observations of 

a saturation of D rot in the literature. 

37,40 Our analysis demonstrates
that they are unphysical due to the mathematical inconsistency of 

the integral method that assumes the commutation of matrix prod-
ucts. Instead, our threshold method properly captures the evolution 

of D rot 
with the control parameters for all explored values.
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B. A model with a slow approach to Fickian regime 

Many complex systems are characterized by anomalous diffu-
sion, where the dynamics at intermediate times is neither character-
ized by a Gaussian distribution of displacements nor by a Fickian 

time dependence of mean-squared displacements, and the approach 

to Fickian or Gaussian dynamics can be very slow. 

57 This situation is, 

in particular, observed in the translational dynamics of deeply super-
cooled liquids where Gaussian statistics and Fickian dynamics only 

arise at very large timescales. 

58–60 While the same physics is expected 

to occur for rotational motion in molecular supercooled liquids, this 

has never been studied in detail due to the lack of a correct observ-
able for the long-time rotational motion at very low temperatures. 

We propose that our threshold method could be fruitfully applied to 

these situations in the future.
To demonstrate this point, we construct a continuous time 

random walk model leading to a transient anomalous diffusive 

dynamics. We generalize the above model to a non-Poissonian dis-
tribution of escape times from the cage. In practice, we use the 

following normalized distribution:

P(δt) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

α
(1 + α)τj

( τj

δt
)

1+α
, δt ≥ τj ,

α
(1 + α)τj

, 0 ≤ δt ≤ τj ,
(29)

where the expression for times δt < τ j 
prevents an unwanted accu-

mulation of very short jump times. The functional form (29) is 

interesting because it has a power-law decay at large times, con-
trolled by an exponent α. This is very close to the Pareto dis-
tribution. 

61 The first and second moments of the distribution 

P(δt) are respectively given by ⟨δt⟩ = τ j 
α/[2(α − 1)] (for α > 1) and 

⟨δt 

2⟩ = τ 

2
j α/[3(α − 2)] (for α > 2).

When α is very large, the distribution decays very fast for δt > τ j 

and the physics is nearly equivalent to the Poisson distribution of 

jump times used above in Sec. V A, with ⟨δt⟩ ≈ τ j 
/2 when α ≫ 1. 

The physics changes qualitatively when 1 < α < 2 since the second 

moment of the distribution, and therefore its variance, are infinite. 

In this regime, the first moment remains finite, with a value that
diverges when α → 1 

+. Fluctuations are therefore very large, and the
dynamics at intermediate times is both strongly non-Gaussian and 

non-Fickian. 

58,62 For times t ≫ ⟨δt⟩, the system should slowly return 

to Gaussian and Fickian behaviors, and the central limit theorem 

should eventually apply. We now ask whether such non-trivial 

behavior can be faithfully characterized when applied to rotational 

dynamics.
We implement this model using α = 1.2 and τ j 

= 10 

4 for the 

modified Pareto distribution, keeping for the caged dynamics the 

Poisson distribution of δt with τ = 1 and a confinement θ c 
= 0.1. We 

run 2 × 10 

3 trajectories and record the mean-squared angular dis-
placement Δϕ 

2 (t). For selected times, we run a larger number of 

trajectories (up to 2 × 10 

5 ) to measure the van Hove distributions 

of the components of the angular displacement vector,

G(ϕ, t) = ⟨δ(ϕ − ϕ α 
(t))⟩, (30)

averaged over all three directions, α = x, y, z.
The results are shown in Fig. 8. When using the threshold 

method, we observe that Δϕ 

2 (t) first reaches a plateau and departs

FIG. 8. (a) Mean-squared angular displacement for the model described in
Sec. V B, with intermittent cage escapes described by the Pareto distribution (29) 

with α = 1.2. The Fickian regime is reached near t ≈ 10 

6 . The rotational diffusion 

constant is incorrectly estimated by the integral method, and it is not accessible 

when using the bounded amplitude of the Euler vector. (b) and (c) Van Hove dis-
tributions of angular displacements at two different times. For t = 10 

4 in (b), it is
described by the superposition of caged dynamics (vertical dotted lines are ±θ c)
with exponential tails (dashed lines). For t = 10 

6 in (c), the distribution has nearly 

converged to its Gaussian limit (dashed line).

at longer times from the plateau. A long transient is then observed 

before Fickian behavior is finally recovered after a time near t ≈ 10 

6 . 

In the long-time limit, a rotational diffusion coefficient D rot 
can be

measured. We checked that D rot 
∝ ⟨δt⟩ 

−1 ∼ τ−1
j is again satisfied.

The choice of parameters in Fig. 8(a) is instructive as it illus-
trates again the challenges for the conventional methods. The inte-
gral method correctly captures the plateau regime, but the data 

depart from the plateau too early. This approach provides an incor-
rect estimate of D rot 

and, in addition, it misses the very slow 

approach to Fickian dynamics. The approach using the Euler vec-
tor also provides the correct dynamics at short times, but it yields 

a saturation to its long-time plateau near t ≈ 10 

6 much before the 

Fickian regime is entered. From this approach, a determination of 

D rot 
is not possible because the mean-squared angular displacement 

saturates its bound before the system has entered the Fickian regime, 

see Fig. 8(a).
We show in Figs. 8(b) and 8(c) the time evolution of the 

van Hove distributions of angular displacements. For t = 10 

4 

in Fig. 8(b), the core of the distribution is controlled by the
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confined motion within the cage of width θ c, but the distribu-
tion exhibits broad tails that are well described by an exponential 

decay, G(ϕ, t) ∝ exp(−ϕ/λ). The superposition of caged particles 

and much broader exponential tails reflects the dynamic hetero-
geneity of the system: at intermediate times, most molecules are 

still confined in their initial cages, but a few others have already 

performed a large number of jumps and are responsible for the expo-
nential tails. At large times, t = 10 

6 in Fig. 8(c), Gaussian behavior is
recovered with a width that now grows diffusively, ∝

√
D rot 

t.
The situation exposed in Fig. 8 is physically very close to find-

ings for translational motion in deeply supercooled liquids, with 

a slow crossover to Fickian and Gaussian dynamics and the exis-
tence of exponential tails in the van Hove distribution of particle
displacements. The present analysis of a continuous time random 

walk model with a modified Pareto distribution for angular dynam-
ics clearly suggests that similar observations could be made for the 

rotational dynamics of molecular supercooled liquids. The compar-
ison with conventional methods (Euler vector and integral method) 

also demonstrates that these standard approaches are unable to 

even attack these questions, whereas the threshold approach that we 

have developed appears well-suited. This example, together with the 

choice of model parameters, is physically motivated by observations 

in deeply supercooled liquids. While the threshold method works 

well, it relies on a sufficient separation of scales between the cage
size θ c 

and the threshold θ T 

that should satisfy θ c 
< θT < π.

C. Anomalous diffusion with asymptotic sub-diffusive 

behavior
We now study the case where the exponent α in the modi-

fied Pareto distribution becomes smaller than 1. In that case, the 

first moment of the distribution is divergent, the random walk 

process never converges to a Fickian regime with a Gaussian dis-
tribution of displacements, and the central limit theorem never 

applies. Instead, the mean-squared angular displacement is expected 

to display sub-diffusive behavior at large times with an exponent 

controlled by α, associated with universal non-Gaussian statistics of 

angular displacements. 

57

This case is studied in Fig. 9, where we show the mean-squared 

angular displacement averaged over 2 × 10 

3 trajectories, with α = 0.7 

and τ j 
= 10 

4 . The parameters for the caged dynamics at short times 

are as before; see Sec. V B. The overall behavior of Δϕ 

2 (t) is as 

expected, with a fast approach to the plateau followed by a long
transient toward an asymptotic sub-diffusive behavior Δϕ 

2 ∼ tα . The
integral method is again totally inaccurate at large times. It con-
tinues to predict an incorrect Fickian behavior at large times and 

qualitatively misses the asymptotic sub-diffusive regime. The Euler 

vector method yields bounded dynamics toward a long-time plateau 

that prevents the determination of the sub-diffusion exponent. The 

van Hove distributions in Figs. 9(b) and 9(c) also display an inter-
esting time evolution, from the superposition of caged dynamics 

with exponential tails at t = 10 

4 to an asymptotic non-Gaussian 

distribution in the sub-diffusive regime for t = 10 

6 .
The slow sub-diffusive behavior shown in Fig. 9 mimics the 

aging dynamics of supercooled liquids after a sudden quench to 

the glass phase, where the average relaxation time is so large that 

Fickian dynamics is never observed. We believe that the observables 

introduced here would be very valuable to analyze the rotational

FIG. 9. (a) Mean-squared angular displacement for the model described in 

Sec. V C, with intermittent cage escapes described by the Pareto distribution (29)
with α = 0.7. A sub-diffusive regime is reached at large times with Δϕ 

2 

∼ t 

α. The
integral method predicts an incorrect Fickian regime, while a determination of the 

sub-diffusive exponent is impossible using the Euler vector. (b) and (c) Van Hove 

distributions of angular displacements at two different times. For t = 10 

4 in (b), 

it is described by the superposition of caged dynamics (vertical dotted lines are 

±θ c) with exponential tails (dashed lines). For t = 10 

6 , the distribution has nearly 

converged to its non-Gaussian asymptotic limit (the dashed line is a Gaussian 

distribution, for comparison).

dynamics of aging molecular fluids. Once again, none of the existing 

methods would be able to correctly capture the statistical features 

of these non-trivial rotational dynamics. The separation of scales
between θ c, θT 

, and π is again needed for the threshold method to
work efficiently.

VI. CONCLUSION AND OUTLOOK
We have discussed state-of-the-art methods to quantify the 

long-time rotational dynamics of molecular systems, with a partic-
ular interest in the definition of a rotational diffusion constant D rot
describing an asymptotic Fickian regime. While we considered very 

simple models, our motivation to perform such an analysis stems 

from the physics of dense molecular fluids in which molecules per-
form slow, heterogeneous, and intermittent rotational dynamics. 

6 

The connection (or decoupling) between rotational and translational 

dynamics in such systems is a broad area of research, also associated 

with the possible breakdown of the Stokes–Einstein–Debye relation.

J. Chem. Phys. 165, 014501 (2026); doi: 10.1063/5.0342282 165, 014501-10

Published under an exclusive license by AIP Publishing

 
0
1
 
J
u
l
y
 
2
0
2
6
 
1
3
:
1
8
:
3
4

https://pubs.aip.org/aip/jcp


The Journal 

of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

We have shown that the two main families of existing methods 

to describe the long-time rotational dynamics of molecular systems 

encounter serious limitations and may even provide qualitatively 

incorrect or limited results when applied to systems with slow and 

intermittent dynamics.
In short, the method using the total rotation vector correctly 

locates the orientation of the molecule at any time but is unable 

to provide an unbounded angular displacement that would dis-
play an asymptotic Fickian regime with Gaussian distributions of 

angular displacements. While this may be fine for simple systems 

described by Brownian angular diffusion, it raises serious obsta-
cles to analyzing the statistics of rotational motion in systems with 

more complex rotational dynamics, long transient behaviors, or 

non-Fickian asymptotic limits.
The alternative method that integrates the angular velocity to 

provide an angular displacement incorrectly locates the orientation 

of molecules at large times because the total angular displacement is 

not equal to the total rotation matrix. While it has been noticed that 

this method provides a rotational diffusion constant that does not
slow down as much as was physically expected, 

37,40 we showed that
the rotational diffusion constant extracted using this method in fact 

does not reflect the real rotational motion of the molecules. In par-
ticular, D rot 

remains finite even in glasses where molecular rotations 

are completely arrested. Deep down, the error made in this approach 

stems from the basic mathematical fact that rotation matrices do not 

commute. This is, of course, a well-known fact, but its consequences 

on the determination of D rot 
using the integral method had not been 

appreciated.
We did not discuss methods based on projections of the ori-

entation of the molecules on a specific set of axes, such as the 

vertical axis or a horizontal plane. In the same vein, the orienta-
tion of a molecule can be partially tracked by following its longitude 

or latitude on the sphere, or alternatively using Euler angles. By 

reducing the three-dimensional information, it would seem these 

methods solve the problem of non-commuting rotation matrices, 

so that accumulating small displacements becomes mathematically 

well-defined. Another problem, however, prevents the use of all 

these approaches. Take, for instance, the xy projection of a three-
dimensional polarization vector that defines a rotation angle in 

the plane. When using this angular observable, a problem arises 

when the polarization vector is nearly aligned with the z-axis, as 

small rotations in this position may lead to multiple 2π turns 

in the angle defined on the plane. A lack of three-dimensional 

information in fact always leads to similar problems, and the 

angular variables then do not lead to the correct Fickian dynam-
ics at long times and systematically overestimate the orientational 

dynamics.
To properly characterize the asymptotic angular dynamics of 

molecules in deeply supercooled liquids, we have introduced a 

novel, empirical method that provides correct results in all stud-
ied cases: free and confined diffusion, anomalous dynamics with a 

slow approach to a Fickian regime, and anomalous sub-diffusion. 

We showed that our threshold method combines the advantages of 

both bounded and integral methods while removing their shortcom-
ings. This method provides accurate results in all of these cases. It 

allows us to access the whole distribution of angular displacements, 

resolved in all three directions. We could thus construct van Hove

angular distributions and a mean-squared angular displacement, in 

complete analogy with translational dynamics. For the models stud-
ied here, where parameters were set to reflect semi-quantitatively the 

physics of supercooled molecular fluids, we found, in particular, that 

the specific choice of the threshold parameter θ T 

has little quanti-
tative influence on the extracted value of D rot 

. This remains to be
confirmed in the analysis of realistic molecular models.

While this approach works for all the theoretical models pro-
posed here, an obvious limitation would arise when the separation 

of scales between short-time dynamics and the threshold parameter 

ceases to exist, or when the distribution of instantaneous angular 

jumps becomes too large, as for a model for angular Lévy walks 

for instance, although the physical relevance for molecular fluids 

is not obvious. It would be interesting to construct synthetic mod-
els or analyze physical situations where this separation of scales is 

lost. We suspect that alternative methods would be needed for these 

situations.
Despite these limitations, we believe that our threshold method 

will be very useful to study molecular fluids approaching the 

glass transition. In a forthcoming publication, we will apply 

this new method to get novel insight into the temperature evo-
lution of the rotational diffusion constant, the distribution of 

angular displacements, and its possible coupling or decoupling 

to translational motion, and we shall revisit the validity of the 

Debye–Stokes–Einstein relation in deeply supercooled molecular 

fluids. Our results suggest a rotational diffusion coefficient D rot 
(T) 

can be determined in these systems and will not be affected by 

the limitations of the integral method. As a result, D rot 
(T) should 

represent a novel transport coefficient with an interesting tempera-
ture evolution, which may or may not couple to other rotational or 

translational timescales.
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APPENDIX: FOKKER–PLANCK EQUATION FOR 

RANDOM WALKS IN SO(3)
Equation (19) describes the successive composition of infinites-

imal rotations. In the axis-angle representation, and in the limit 

ϵ → 0, the corresponding stochastic process can be seen as the 

discretization of the following stochastic differential equations, 

interpreted according to the Itô rule:

u̇ = −3σ2

8
u − 1

2

√
1 − u2n ⋅w, (A1)

ṅ = − σ2

4(1 − u2)
n + 1

2
√

1 − u2
(w − (n ⋅w)n) + 1

2
w × n, (A2)

with u = cos(θ/2), where w = (w 1, w 2, w 3) and w i 
is a white noise

with variance σ 

2.
As a result, the distribution P(u, n) evolves according to the

following Fokker–Planck equation:

∂P
∂t
= σ2 ∂

∂u
(3u

8
P) + σ2 ∂2

∂u2 (
1 − u2

8
P) +Deff(u)ΔnP, (A3)

where Δ n 
is the Beltrami Laplacian acting on the unit sphere, and 

D eff 

(u) = σ 

2

4(1−u 

2) 

. The stationary solution for P(u, n) is independent

of n and proportional to 

√ 

1 − u 

2. While this uniform measure is 

well known in the mathematical literature, we are not aware of a 

previous derivation using the Fokker–Planck equation to obtain it.
Note that although the vector n is uniformly distributed in the

stationary state, the corresponding stochastic process is not a stan-
dard diffusion on the unit sphere, as the effective diffusion constant
depends on the angle.

To prove the above, one may start from the Rodrigues formula
for the composition of two rotations αl and βm, which is a rotation
γn. One has 

50,64

cos
γ
2
= cos

α
2

cos
β
2
− sin

α
2

sin
β
2

l ⋅m, (A4)

and

sin
γ
2

n = sin
α
2

cos
β
2

l + cos
α
2

sin
β
2

m + sin
α
2

sin
β
2

l ×m.
(A5) 

We now specialize to the case where the second rotation is
a small increment, βm = (w 1, w 2, w 3 

), where w i 
is a white noise

with variance σ 

2, and consider αl and γn as two successive steps
in the random walk described in the main text, Eq. (19), αl = θ k 

n k 

,
γl = θ k+1 

n k+1 

. Using u k 

= cos(θ k 

/2), one easily has

uk+1 − uk = −uk
β2

8
− 1

2

√
1 − u2

k β m ⋅ nk, (A6)

which, using that β 

2 = 3σ 

2, is the Itô discretization of Eq. (A1). For 

the evolution of the rotation vector, one obtains

nk+1 − nk = −
β2∣m�∣2

8(1 − u2
k)

nk +
uk√

1 − u2
k

β
2
(m − (nk ⋅m)nk)

+ β
2

n k 

× m. (A7)

The first drift term ensures that ∣n k+1 

∣ = 1, with m � 
the projection of

m perpendicular to n. Replacing β 

2 with 3σ 

2 and ∣m �∣ 2 with 2/3, this
corresponds to the Itô discretization of Eq. (A2).
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