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Dense liquids gradually transform into nonequilibrium amorphous solids as they pass
through the experimental glass transition. Experimentally, ergodicity is lost because
measurements are conducted within a finite time window. More than seventy years
ago, Kauzmann posed a fundamental question: If experiments could run indefinitely,
would there exist a critical temperature at which an ergodicity-breaking phase transition
occurs? Random first-order transitions represent the modern theoretical framework
for this idea. However, theoretical calculations in finite dimensions are challenging,
whereas experimental and numerical limitations on accessible timescales hinder direct
observation of the putative Kauzmann transition. Here, we overcome this longstanding
barrier by developing a computational strategy that properly combines three Monte
Carlo methods to access the desired equilibrium thermodynamic properties of a two-
dimensional atomistic glass-former down to zero temperature across a range of system
sizes up to 77 particles. This enables us to directly measure thermodynamic and
structural observables that provide unambiguous evidence that the system undergoes
a finite-size version of the Kauzmann transition at a temperature that is much lower
than other energy scales and decreases rapidly with system size, thus suggesting the
existence of a zero-temperature Kauzmann transition for two-dimensional glasses. The
transition is toward an ideal glass state characterized by a complex energy landscape
and a hierarchical organization of low-lying states.

glass transition | Kauzmann paradox | ideal glass | configurational entropy | Franz-Parisi potential

Conventional glasses are obtained when liquids fall out of equilibrium below the
experimental glass transition temperature 7, (1), see Fig. 14. Below 7, relaxational
dynamics becomes slower than the observation time, and the liquid appears frozen in a
nonergodic amorphous state. In a landmark paper (2), Kauzmann famously articulated
fundamental questions regarding the fate of the liquid state if thermodynamic equilibrium
and ergodicity could be maintained far below 7. While Kauzmann debated the relative
stability of liquid and crystalline states (3), his data collection also hinted at a possible
thermodynamic phase transition at the [now called (4, 5)] Kauzmann temperature,
Tk < Tg, between a liquid and an ideal glass state, see Fig. 14.

The hypothesis of an experimentally inaccessible Kauzmann transition associated
with an entropy crisis has been a central theme in glass research over the last decades (1, 4-
9). From a theoretical viewpoint, Kauzmann’s key contribution was the proposal of
a novel type of thermodynamic phase transition between an ergodic liquid and a
nonergodic, nonperiodic solid. Developing accurate theories of the glass transition
remains a fundamental open problem in classical statistical physics, with a growing body
of work impacting various scientific fields [including protein folding (10), biological
processes (11), computer science (12), and machine learning (13)] where direct analogs
of a Kauzmann transition were identified.

The transition envisioned by Kauzmann has since been theoretically considerably
refined, from the early work of Gibbs-diMarzio (6) to its modern incarnation as a
random first-order transition (14, 15). The search for a consistent theoretical framework
for the liquid—glass transition culminated in the last decade with the unification (16) of
the statistical physics of liquids in large dimensions with the Parisi theory of disordered
systems, first developed for spin glasses (17). A random first-order phase transition
with a vanishing equilibrium free energy difference between liquid and glass phases
(reinterpreted as a vanishing configurational entropy 75, see Fig. 14) is mathematically
demonstrated in large dimensions, with known features (16, 18). In particular, the
crystalline phase plays no role in this analysis.

There is a profound disconnect between the detailed understanding of the equilibrium
phase transition between liquid and glass states at mean-field level, and the dramatic lack
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of solid results in two and three dimensions where this should
apply. Several reasons explain this unsatisfactory situation. First,
even modern experimental techniques fail to produce equilibrated
samples down to 7x (19). Second, analytic progress beyond
mean-field is difficult, as this requires generalizing Parisi’s
theory to finite dimensions (20). Third, despite notable recent
progress (21-25), numerical simulations have so far all failed to
approach Tx in bulk systems because equilibrium sampling of
the complex energy landscape of glassy liquids at low enough
temperatures is a computationally hard problem, even for finite
systems of modest sizes (26).

We overcome this longstanding sampling challenge in a realis-
tic off-lattice glass model. We develop an original computational
strategy that carefully integrates the complementary strengths
of several advanced Monte Carlo techniques. We demonstrate
that this innovative approach enables ergodic sampling of the
configuration space of a two-dimensional glass model (27) down
to 7" = 0 for systems with up to 77 particles. Our methodology
goes far beyond previous attempts (28, 29) that were restricted
to temperatures significantly above the presumed Kauzmann
transition. This methodological breakthrough allows us to fully
characterize the thermodynamics of the system around and
below the Kauzmann temperature, including its ground state
and organization of low-lying excited states. Our configurational
entropy and tailored free energy measurements (30) directly
reveal, with no extrapolation required, the existence of a random
first-order transition toward a low-temperature equilibrium
glass phase characterized by a hierarchical organization of low-
temperature states. By increasing the system size, the transition
temperature shifts rapidly toward zero, while the properties of
the transition remain unaltered. Our work offers a glimpse of the
equilibrium liquid-glass phase transition in finite dimensions. It
should serve as a foundation for future simulation work using
larger systems, three-dimensional, and molecular models (31) of
glass-formers to fully illuminate the nature of the glass state of
matter.

Numerical Strategy to Achieve Equilibration
and Ergodic Sampling

We developed a computational strategy to successfully sample
the configuration space of a realistic glass-former across the
bulk Kauzmann transition, see Fig. 1B. It is applied to the
study of a ternary mixture of Lennard-Jones particles in two
dimensions (32) (Materials and Methods). We recently developed
this computational model to fulfill multiple constraints relevant
to the present study. i) It is microscopically realistic (it resembles
metallic glasses and previously studied glass models). ii) It is
robust against ordering (demixing, crystallization). iii) The swap
Monte Carlo (MC) algorithm (21) alone provides a significant
equilibration speedup compared to conventional molecular
dynamics. iv) This model was recently used to benchmark
sampling algorithms (27) and to devise the appropriate tools
(based on specific heat measurements) that validate equilibration
and ergodic sampling. We restrict ourselves to purely classical
simulations, disregarding any quantum effects which may have
an impact on the glass transition (33, 34).

For reference, the onset temperature for slow dynamics is
T, =~ 0.5, the mode-coupling crossover (where conventional
molecular dynamics becomes inefficient) is 7mee & 0.3, and
the temperature at which relaxation is about 12 orders of
magnitude slower than in the liquid is 7, ~ 0.15 (usually
identified as the experimental glass transition temperature).
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Using swap MC, the system falls out of equilibrium near
Timin ~ 0.12 < T,. Although it can be used below 7, swap MC
alone is insufficient to approach closely, or even cross, a putative
thermodynamic Kauzmann singularity. We show in Fig. 1C the
average inherent structure energy (¢jnh) obtained after quenching
to 7' = 0 configurations obtained at temperature 7" (35). These
data confirm that swap MC equilibrates more efficiently than
molecular dynamics but falls out of equilibrium near 7.

We found that a carefully designed combination of three
known Monte Carlo techniques is exceptionally efficient at
sampling the rugged configuration space at low 7. To our
knowledge, no other technique (or combination of techniques)
has demonstrated such performance before. Our approach,
sketched in Fig. 1B, is composed of two main steps. First, we
combine swap MC with parallel tempering (36, 37) to produce
large sets of N; = 10° independent equilibrium configurations.
For system sizes N = 44, 55, 66, and 77, we can construct such
equilibrium sets down to 7" = 0.105 < Tinin. The addition of
PT improves over the performance of swap MC alone. At this
temperature, however, the system is still in the supercooled liquid
phase. The second step uses the population of N; equilibrium
configurations as starting points for the population annealing
algorithm (38, 39). In this algorithm, the population is annealed
to lower temperatures in a stepwise manner, with population
resampling and reweighting steps performed at each 7. Fig. 1C
demonstrates that population annealing yields much lower
averaged inherent structure energies, suggesting that it pushes
the equilibration limit to much lower temperatures. In itself,
population annealing does not sample deeper energy minima, but
the algorithm properly reweights and anneals the population to
produce the correct equilibrium ensemble at lower temperatures.

Stringent tests are needed to decide whether ergodic sampling
is achieved. To this end, we follow the time evolution of the
specific heat, ¢y, by calculating the variance of the potential
energy averaged up to a time £. A correct determination of cy
requires proper ergodic exploration of the configuration space.
This is a sensitive test as it demands that sampling is not restricted
to a small part of configuration space (27). In Fig. 1D we show,
for selected temperatures, that the specific heat measured in the
interval 0 < 7" < 0.105 always converges to a long-time plateau,
which is a strong indication of equilibrium sampling. This first
convergence test was successful for all investigated sizes down to
T = 0, but failed at a finite temperature 7 > 0 for larger N
values. This test sets the limit to the /NV-values reported in this
work. See also Materials and Methods and SI Appendix, Figs. S2
and S3 for several additional equilibration tests confirming these
conclusions.

In short, our innovative strategy carefully combining the
known swap, parallel tempering, and population annealing
Monte Carlo algorithms allows us to determine the equilibrium
thermodynamic behavior of the system atany 77 > 0 for N < 77.
In addition, the 7 — 0 limit offers a direct determination of
the ground state and opens a window into low-lying excitations,
thus allowing a detailed analysis of the structure of the potential
energy landscape deep in the glass phase.

Configurational Entropy

In his original work (2), Kauzmann defined a configurational
entropy (or, rather, an “excess” one) as the difference between
the supercooled liquid and crystal entropies. Extrapolation to
temperatures below 7}, suggested the existence of what is now
broadly called the Kauzmann temperature, as the moment
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Fig. 1. Numerical strategy to study the equilibrium Kauzmann transition. (A) Location and definition of the Kauzmann transition. Above the experimental
glass transition temperature Tg (light gray), the system is in a high entropy liquid state and becomes an arrested glass below Tg due to lack of equilibration in
conventional experiments. State-of-the-art simulations can probe equilibrium properties down to Tpi,. The Kauzmann temperature Ty < T < Tg denotes
the temperature at which an equilibrium glass phase might form, with a free energy lower than that of the liquid. Above Ty, the free energy difference between
liquid and glass, AF = —(Fjig — Fglass): defines the configurational entropy 7S¢ that vanishes at Tx. (B) Performance and limits of numerical techniques. While
conventional molecular dynamics simulations fail well above Tg, the swap Monte Carlo algorithm can reach below Tg. Here we combine parallel tempering (PT),
population annealing (PA), and swap Monte Carlo (SMC) to enable equilibration down to T — 0, below the Kauzmann temperature T. (C) Average inherent
energy density (ej,,) at N = 77 using different sampling techniques. MD and SMC respectively form nonequilibrium glasses below temperatures 7 = 0.3 and
T = Tg when used to cool liquids for 5- 1047, whereas the combination SMC+PT+PA reaches deeper energy minima and eventually the ground state at T = 0. (D)
Demonstration of convergence for the sampling time t dependent specific heat ¢y (t) at various temperatures T. The long-time plateaus demonstrate ergodic
equilibrium sampling. Our method reaches plateaus for all temperatures down to T — 0, indicating equilibration.

where this excess entropy may vanish. Theoretical understanding,
however, has significantly improved and configurational entropy
must be defined independently of the crystal. What is physically
relevant is the entropy difference with respect to amorphous
glassy states (30, 40, 41).

In this more modern perspective there is no unique partition-
ing of phase space into vibrations and configurations. Therefore,
several distinct computational methods were developed to esti-
mate such a configurational entropy from simulations (40, 42).
A first line of research is deeply rooted in the potential energy
landscape view of glasses (4, 40-42), and we shall first explore
this route. In this view, the Kauzmann transition is reinterpreted
as a vanishing of the inherent structure configurational entropy.

Over the last 40 years, a second line of research has demon-
strated that another formulation of a Kauzmann transition is
generically found in theoretical models when considering instead
the temperature evolution of the free-energy landscape (43-51).
These studies demonstrate, as anticipated by Stillinger himself
(4), that enumerating potential energy minima cannot lead to
the transition as envisioned by Kauzmann, whereas free-energy
measurements can. In this second approach, the Kauzmann
transition happens when glass and liquid free energies become
equal.

Our numerical study is capable of equilibrating supercooled
liquids down to 77 = 0, and it should thus be able to
distinguish between these different types of partitioning and
concrete measurements, potentially revealing both the vanishing
of the configurational entropy associated with localized defects
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at T = 0, as envisioned by Stillinger, and, at the same time,
the presence of a finite temperature free energy singularity
characterizing instead the evolution of the free-energy landscape.

In Fig. 2A4, we report three independent estimates of the config-
urational entropy per particle, s, for N = 77 based on inherent
structures. The first estimate uses an expansion around inherent
structure energy minima (40, 52) and the second one relies on
a thermodynamic integration from a reference liquid configu-
ration (53), in close analogy to the Frenkel-Ladd method to
determine the free energy of crystals (54). The third approach uses
a Shannon entropy associated with the distribution of inherent
structures (28). See Materials and Methods for precise definitions.

Remarkably, these distinct methodologies are in excellent
agreement, with small discrepancies that are within the numerical
accuracy, see Fig. 24. To confirm further that equilibration
has been reached at all temperatures, we performed these
configurational entropy measurements using swap MC alone.
In that case, 5. decreases to a finite plateau when 77 < 0.12,
due to nonergodic sampling, see Fig. 24. The consistent finding
across three independent methods that s,(7 = 0) = 0 is by no
means trivial because in each method s, is the superposition of
several large terms that can only cancel if statistical uncertainties
are small and the system is properly equilibrated. The physical
interpretation is that, when equilibrium can be maintained in the
limit 7 — 0, the system ends in a nondegenerate ground state
that we successfully identify.

As temperature decreases the configurational entropy decreases
sharply with a pronounced drop below 7. This precipitous
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Fig. 2. Numerical measurements of the configurational entropy. (A) Config-
urational entropy for N = 77 calculated using various techniques: expanding

around inherent structures including anharmonic corrections (s?arm), ex-
panding around equilibrium states using the Frenkel-Ladd method (sf\), and
Shannon entropy obtained from the distribution of inherent structures (s'cnh).

When only using swap Monte Carlo, sP2™SMC gisplays a nonequilibrium
saturation at low T when the system falls out of equilibrium. The agreement
between the three methods is remarkable, and all equilibrium estimates
indicate that the configurational entropy vanishes near T = 0. The vertical
light gray region indicates Tg. (B) Inherent structure configurational entropy

sharm for different system sizes N. Equilibrium is achieved down to T = 0 for
N = 44 and 77. For N = 176 and 704, data are shown down to the lowest
temperature for which equilibration is reached. The dotted line is an empirical
extrapolation of the N = 704 data using a quadratic polynomial fit.

drop mimics the key experimental observation noted by Kauz-
mann (2). However, because we can follow s, all the way to
T = 0 we can directly demonstrate that 5. only vanishes at
T = 0. Therefore, in our two-dimensional system, the system-
size dependence of the configurational entropy s,(7") shows no
sign of a finite temperature entropy crisis using such estimates.
This is reasonable since the inherent structure picture of the
thermodynamics of glasses (55) on which these estimates are
based was developed much before the nature of random first-
order transitions based on free energies was fully understood.

In Fig. 2B, we provide a broader perspective on the behavior of
the configurational entropy by studying its dependence on IV over
awide range. Our measurements from NV = 44 to N = 77 areall
consistent with a smooth evolution and an entropy crisis taking
place at T = 0 exactly. For larger systems, N = 176 and N =
704 (where the bulk limit is nearly reached) we can no longer
equilibrate the system at very low temperatures. The dashed line
through the N = 704 data is a hypothetical extrapolation used
earlier (56) to estimate the entropy to vanishing temperatures.

The behavior reported in Fig. 24 is qualitatively consistent
with the picture proposed by Stillinger who imagined very
low-temperature configurations as an amorphous ground state
decorated by localized excitations (4). Our numerical results are
in line with this view (see our study of low-lying excitations
below), and confirm that s, does not vanish at a finite temperature
when it is defined from inherent structures.
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Stillinger further interpreted the smooth approach of the
inherent structure configurational entropy to zero at 7 = 0
as demonstrating more generally the absence of any kind of
Kauzmann transition (4). The results below paint a very different
picture, and show that Stillinger’s conclusions stemmed from
the inability of the inherent structure approach to capture the
evolution of the free-energy landscape. Because energy minima
do not distinguish between localized and collective excitations,
Stillinger’s entropy is blind to the presence of a thermodynamic
singularity in the free energy landscape. A different analysis is
needed to investigate whether finite-size systems exhibit a free
energy-based Kauzmann transition into an ideal glass phase, as
presented in the next section.

Free Energy Measurements and the Kauzmann
Transition

To detect a Kauzmann transition from free energies, we employ
the formalism first introduced by Franz and Parisi in the
context of mean-field glass models (48), and extensively used
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Fig. 3. First-order equilibrium Kauzmann transition revealed by the evolu-
tion of the Franz-Parisi free energy. (A) The Franz-Parisi potential gV (Q) as
a function of the overlap order parameter Q, between independent pairs
of equilibrium configurations for N = 55. The potential is vertically shifted
arbitrarily for visibility. For T far above Ty the potential has a single minimum
at small Q corresponding to the liquid phase. A secondary minimum appears
at large Q above Tk, corresponding to a metastable glass. At T = Tk, both
minima have the same free energy. Below T < Ty, the large Q glass minimum
dominates. The evolution of the free energy is reminiscent of conventional
first-order phase transitions. (B) Temperature-dependent average overlap
(Q) for different system sizes N reveals a sharp change from small to large
at a size-dependent transition temperature. N = 66 is an outlier because it
develops a quasi-ordered structure with special symmetries, which distorts
the overlap statistics as discussed in S/ Appendix. (C) Evolution of the critical
Kauzmann temperature Ty with system size, suggesting that Ty — 0 for large
N. This is consistent with the entropy extrapolation for N = 704 in Fig. 2B. (D)
Temperature-dependent configurational entropy sc = ﬂ(V(leass) - V(Q“q))
as extracted from the Franz-Parisi potential (full symbols), compared to
the results shown in Fig. 2B (open symbols). () Susceptibility of the order
parameter calculated via the fluctuations of the overlap Q. The susceptibility
reveals a pronounced peak at Ty which grows with N.
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in recent numerical studies of finite-dimensional supercooled
liquids (30, 57, 58). We study an effective Landau free energy,
V(Q), expressed as a function of the overlap Q. The overlap
quantifies the similarity of the collective density fields in two
independent configurations (Materials and Methods). Because
Q is insensitive to localized excitations, it is the correct order
parameter to detect the liquid-glass Kauzmann transition. The
function V(Q), known as the Franz-Parisi potential, is the free
energy cost to observe the value Q of the overlap with respect to
a fixed reference equilibrium configuration.

In this framework, the Kauzmann transition resembles a
conventional first-order phase transition associated to a jump
in the order parameter Q (18). Consistent with previous work,
we will identify the critical temperature of this transition as 7
(59). In the liquid above 7%, the global minimum of V(Q) is at
low overlap, Q ~ Q;y, indicative of a liquid phase in which the
system accesses many different configurations with small mutual
overlap. In the glass below 7%, V(Q) displays a different global
minimum at a much larger value, Q & Qglass, revealing that the
equilibrium glass only samples a limited number of amorphous
states. In this regime, there is a finite probability to remain close to
a reference configuration, thus leading to a large value of Q. The
overlap jumps discontinuously from Qjiq to Qglass at Tk, where
the free energy difference AV = V(Qglass) — V(Qiiq) vanishes.
In contrast to the conventional estimates of the configurational
entropy shown in Fig. 2, the alternative definition 75, = AV can
lead to a genuine entropy crisis (30), with AV — 0 at a finite
temperature.

To determine V(Q), we measure the mutual overlap Q,y,
between two independent equilibrium configurations 7 and 7.
Given two independent sets of N, equilibrium structures at
temperature 7, we evaluate the quenched Franz-Parisi potential
as

1 N,

s N;
PV(Q=—5r 2 (D 6Q-Qmw). Nl
S m=1 n=1

with § = 1/7. Unlike previous approaches, which relied on
biased Monte Carlo techniques to probe rare fluctuations of Q
much above Tk (57), we directly construct V(Q) from unbiased
equilibrium sampling at any 7. This is possible because the
system is equilibrated near Tk, where the relevant fluctuations
of Q become typical. Biasing techniques toward rare fluctuations
of Q could inform about tails of the distribution function of the
overlap, the Parisi function P(Q) ~ exp(—fNV(Q)).
Measuring the Franz-Parisi potential down to 7" = 0 reveals
our main physical result, see Fig. 3. A Kauzmann transition
from the liquid (with a small average overlap) to the ideal glass
phase (with a large average overlap) takes place when the glass free
energy becomes lower than that of the liquid, as directly observed
in Fig. 34. At temperatures much larger than Tk, the system
exhibits low-overlap configurations with Q 2 Qjiq, characteristic
of the liquid state. As the temperature decreases, a second local
minimum appears at high overlap Qglss, becoming degenerate
with the liquid minimum at a well-defined temperature that
we identify as the Kauzmann temperature: 7x = 0.064 for
N = 55. Below that temperature 7x(/NV), the system enters
the low-temperature equilibrium glass, characterized by the
dominance of the high-overlap minimum. Correspondingly, the
average overlap jumps abruptly from low to large value in a
narrow temperature regime near /g, as shown in Fig. 3B.
Besides, the temperature evolution of s, = AV in Fig. 3D
directly reveals that it continuously vanishes at a well-defined
Kauzmann temperature. At high 7', JAV is similar to s, as
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extracted in Fig. 2B up to a constant shift, which emerges
since many different inherent structures can be assigned to the
same metastable state. However, at low 7" both measures differ
qualitatively, highlighting the different nature of the inherent
structure formalism, which can be dominated by localized
excitations. We emphasize that all these low-temperature free
energy and overlap measurements across 7k are performed in
fully equilibrated conditions.

Phase transitions are necessarily rounded in finite systems and
the free energy V(Q) is possibly not convex (58). To begin
to understand finite-size corrections, we studied four system
sizes. The range of sizes covered is admittedly modest, but
we decided to restrict to NV values for which ergodicity could
be convincingly established, and statistical uncertainties in all
reported quantities were small. Yet, the reported evolution with
N provides significant insight as we now detail.

The evolution of both the average overlap and of AV
indicates a systematic shift of 7x(/N) to lower temperatures
with increasing N, see Fig. 3C. These data show that Tx(N)
rapidly shifts toward zero as N increases. Additionally, the
overlap fluctuations y = N[(Q?) — (Q)?] display a peak near
T =~ Tg(N), with an amplitude that increases rapidly with
N, see Fig. 3E. Although the accessible system sizes do not
permit a quantitative finite-size scaling analysis, they indicate
i) Tx =~ 0.01 for the largest /V studied, which is substantially
lower than the glass transition temperature 7, ~ 0.15, and
conspicuously close to 7x = 0, ii) a trend of Tx (V) decreasing
with V. The most natural interpretation of our data is that
Tx (V) would continue to approach zero if larger systems could
be studied. We conclude that our numerical results are most
consistent with a theoretical scenario in which the Kauzmann
transition occurs at 7x = 0 in the large /V limit. We hope that
future studies can strengthen this conclusion by investigating
larger system sizes.

Amorphous Ground States and Hierarchy of
Low-Lying Excitations

We now study the lowest energy configurations to investigate
whether the Kauzmann transition is associated with a rich
and complex structure of the free energy landscape. For all
investigated /V, we obtain global ground states that are completely
amorphous, as illustrated in Fig. 4F for N = 44 and 77.
This confirms that crystallization is efficiently suppressed. We
cannot exclude that a periodic structure with a very large unit cell
eventually emerges for much larger V.

To explore the organization of low-energy minima, we classify
all identified inherent structures into families based on structural
similarity between them. The structure of the Franz-Parisi
potential indicates that pairs of configurations are either very
similar or markedly distinct. We define a family as a set of inherent
structures with mutual overlap Q > 0.8. This threshold value
was chosen based on the results shown in Fig. 3.

Each inherent structure is characterized by two excitation
energies: the excitation energy relative to the global ground
state, AEinp = Einh — Egs, and an intrafamily excitation energy,
AFinwa = Einh — Efam, where Ef,, denotes the minimum energy
within the same family. We can also define the position of a
given family relative to the ground state, A = Efym — g
By construction, one has AEj,, = AEinga + AEgm. This de-
composition is useful, as we can disentangle intrastate (localized)
excitations from interstates (collective) excitations directly in our
simulations.

https://doi.org/10.1073/pnas.2612355123

5 of 10



Downloaded from https://www.pnas.org by ESPCI ParisTech on August 25, 2026 from IP address 193.54.83.53.

0 0.2 0.4
Inh. energy AEin,

0 0.2 0.4
Exc. energy AFgam

46

0 0.2 0.4
Exc. energy AFEinre

Fig. 4. Hierarchical organization of low energy states. (A) Tree and matrix representation of the bottom of the potential energy landscape for N = 44. States
with mutual overlaps Q > 0.8 are grouped into families. The family minimum is shown with a green circle and the ground state with a yellow circle, excited
states as blue circles. In the tree, the x-axis is arbitrary, the y-axis is the inherent energy. Using the same ordering of states as in the tree structure, the
matrix represents the value of the mutual overlap between all considered pairs of inherent structures , shown by the color bar, and reveals the hierarchical
organization of the bottom of the energy landscape. (B) Same as in (A) for N = 77. (C) Probability of finding states with inherent energy AE;, for various
system sizes N = 44, 55, and 77. (D) Probability of interfamily excitation energies AEg,,, for the same N values. (E) Probability of intrafamily excitation energies
AEjntra for the same N values. The proliferation of both distinct minima and localized excitations for increasing N is obvious. (F) Snapshot of the ground states
for N = 44 and N = 77. Both structures are fully amorphous without any signature of crystallization. The color encodes the particle type. (G) Excerpt of the
N = 77 tree, and corresponding snapshots of the selected excited states showing various degree of overlap Q with the ground state. The color encodes the

local overlap for each particle using the same color code as in (A).

We focused our analysis on low-lying minima, specifically
those with excitation energies A, <K |Egxl/N ~ 3.0, as
illustrated in Fig. 4C. The probability distributions of inherent
structures as a function of the excitation energies defined above
are shown in Fig. 4C, and their decompositions into localized and
collective excitations in Fig. 4 D and E for three system sizes. We
observe a proliferation of low-lying states as /V increases, with
a nearly equivalent contribution from both types of excitation
energies. Thus, the bottom of the potential energy landscape is
composed of several distinct families, themselves decorated by
localized excitations, with a complexity that increases rapidly
with V.

To visualize the organization of states and localized excitations,
we compute the matrix of mutual overlap between low-lying
states (60) alongside the corresponding clustering trees in Fig. 4
A and B. In the tree representation, each circle represents
an inherent structure, with the vertical position reflecting its
inherent energy, while connections in the tree are based on
mutual overlaps and constructed via a clustering algorithm
(Materials and Methods). The resulting structure reveals a clear
hierarchy: inherent structures are grouped into families, and
families in turn cluster into higher-order families of families.
This organization reveals a complex, hierarchical structure at the
bottom of the energy landscape, even after localized excitations
have been coarse-grained. The complex organization of collective
excitations, and its evolution with temperature, gives rise to the
Kauzmann transition reported in Fig. 3C. Instead, the existence
of localized excitations within families implies that the inherent
structure entropy does not vanish until 7 = 0.

Finally, a real-space view of the hierarchical phase-space
organization is provided in Fig. 4G. We provide one snapshot of a
localized excitation within the ground-state family, two snapshots
of collective excitations from distinct families with a finite overlap
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with the ground state, and one snapshot from a structurally
distinct family. These snapshots reveal that intrafamily excita-
tions correspond to localized rearrangements, while transitions
between different families involve increasingly collective up
to system-spanning reorganizations. These observations are in
agreement with the bimodal overlap distribution obtained from
the Franz-Parisi free energy potential. Once again all these
structures are fully amorphous.

Discussion

Because we can directly access all thermodynamic quantities
down to arbitrarily low temperatures, our results clarify the behav-
ior of glass-forming materials when equilibrated at temperatures
that have so far remained inaccessible to both experiments and
simulations.

First, our analysis demonstrates that the existence of the
crystal phase can be, and should be when possible, separated
from the discussion of the Kauzmann transition. Second, we
find that localized excitations, invoked by Stillinger (4, 61),
indeed proliferate with system size. This is expected since their
energy cost is not extensive. However, the Franz-Parisi free energy
naturally coarse-grains these excitations and allows us to probe
the properties of collective states. The finite-size Kauzmann
transition described in Fig. 3 characterizes the temperature
evolution of those states, and is unaffected by localized defects.
Our numerical results directly confirm Stillinger’s findings
regarding localized excitations (Fig. 4) and the smooth vanishing
of the inherent structure configurational entropy (Fig. 2), but
our study of the free energy associated to overlap fluctuations
establishes that a finite temperature Kauzmann transition can
be observed (Fig. 3), therefore combining some of the original
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Stillinger’s ideas with more recent theoretical results regarding
the Kauzmann transition.

Our findings provide compelling evidence that the landscape
of low-lying states is intrinsically complex and organized in a
hierarchical manner, as envisioned in Parisi’s theory of disordered
systems (16, 60). We uncover a very similar picture with clusters
of low-energy configurations which are nested within one an-
other, forming a multilevel hierarchy. The bottom of the energy
landscape is populated by minima whose energy differences are
much smaller than the energy per particle. Yet, these minima
correspond to completely different configurations in real space,
with very small mutual overlap, thus reflecting global, system-
wide rearrangements. Considerable additional numerical work is
required to characterize all details of the Parisi function 2(Q) and
its dependence on system size, in order to connect these results
to a possible class of replica symmetry—breaking.

The most natural theoretical interpretation of our results is
that a nontrivial Kauzmann transition, based on free-energy
measurements, occurs at 7x = 0 in our system when N is large.
While this hypothesis was suggested before using temperature
extrapolations (28, 56), this conclusion is now supported by
direct equilibrium measurements down to 7 = 0 for finite
N systems. Testing whether the same picture holds for more
complex models and three-dimensional systems is an exciting
and important challenge, for which our work lays the conceptual
and methodological foundation.

Our conclusions should also motivate theoretical work to
incorporate finite-dimensional fluctuations into the framework
of random first-order transitions. In fact, analogies to random
field Ising models (62, 63) do not suggest the possibility of
a zero-temperature critical point in two-dimensional glasses.
However, the temperature dependence of the effective couplings
(information that can now be accessed by combining our results
with the approach developed in ref. 62) may instead reveal a
different scenario. We hope that our solid numerical results will
provide useful guidance and motivation for future work.

The Kauzmann transition has long been seen as being an
abstract concept of paramount conceptual importance [it ques-
tions the existence of a disordered state of matter (64)], but
perhaps oflittle practical relevance since it concerns a temperature
regime that cannot be reached using conventional cooling
methods or numerical techniques. Yet recent years have seen
dramatic progress in the computational (26) and experimental
(19, 65, 66) realms. Our work connects, in particular, to
recent experimental advances preparing ultrastable glasses by
physical vapor deposition. This leads to amorphous films whose
thermodynamic stability approaches very nearly that expected
near the Kauzmann temperature (19, 67, 68). Although these
materials are produced through nonstandard protocols, they
provide an increasingly close experimental realization of the ideal-
glass regime. Our approach therefore offers a natural frame-
work for interpreting these experiments from an equilibrium
perspective, while providing a benchmark for future studies of
the thermodynamics, dynamics, and mechanical properties of
such deeply equilibrated amorphous solids possibly leading to
experimental demonstrations, hopefully in the coming years, of
the ideal glass state of matter.

Materials and Methods

Two-Dimensional Atomistic Glass-Former. The atomistic glass-former sim-
ulated in this work is very similar to the model introduced in ref. 32. The model
corresponds to a modified Kob-Andersen mixture in two-dimensions (KA2D) in
which particles interact via a Lennard-Jones potential,
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for particle distance rjj = [r; — r;|, where r; is the position of the i-th particle.

The ternary KA2D model consists of three types a, = {1, 2, 3} where types

1 and 2 interact via the usual Kob-Andersen nonadditive interactions, e17 =

1.0, e19 = 15 €y = 05and o7 = 1.0, 699 = 0.8, o9 = 0.88.

Additionally, we introduce a third species (69) with interaction parameters

€13 = 0.75, €93 = 1.5,e33 = 0.75and 613 = 0.9, 093 = 0.8, 033 =
Cu

0.94. The cutoff depends on the particle type lup = 2-50ap and we define

the constants Cy = 0.04049023795, C; = —0.00970155098, and ¢4 =
0.00062012616 to make the potential continuous up to the second derivative.
Differently from ref. 32 we slightly change the type composition to a ratio 5:3:3.
The system parameters were empirically adjusted to avoid any signatures of
local crystallization, and indeed no crystalline structure was found in any of the
simulation runs performed. Results are reported in reduced Lennard-Jones units
defined by €11 (energy scale), o11 (length scale) and = = 611/m/eqq (time
scale), with mass m = 1 for all types.

The particles evolve in a square box of dimensions Ly = L, with constant
particle density p = N/(LxLy) = 1.19, where N is the number of particles. We
use N = 44, 55, 66, 77, 176, and 704 in this study. The linear box sizes are
therefore Ly(N = 44) = 6.08, [y(N = 55) = 6.8, [x(N = 66) = 7.44,
Ly(N = 77) = 8.036, Ly(N = 176) = 12.16, and Ly(N = 704) = 24.32.

The relaxation dynamics of the KA2D model using MD dynamics is shown in
Sl Appendix, Fig. S1. We find the expected relaxation dynamics as featured by
theincoherentscattering function (ISF) for both N = 704 (SI Appendix, Fig. S1A)
and N = 77 (SIAppendix, Fig. S1B). We note that the effects of Mermin-Wagner
fluctuations(70)are smalland negligible at these system sizes (32). In particular,
the ISF shows a decay toward a plateau, highlighting vibrational dynamics in
cages followed by a long-time structural relaxation. Importantly, the N = 77
system behaves dynamically as a typical bulk supercooled liquid with negligible
finite size effects (71). As expected, the relaxation times for N = 77 are slightly
higher than for N = 704 due to the small box size (72, 73), which includes addi-

tional constraints (compare S/ Appendix, Fig. S1 C and D) but both systems show
an apparentArrhenius behavior, TJ],SF(T) o exp(6.1/T), forsmall temperature.
The glass transition temperature Ty can be identified as, 7}y (Tg) = 102,
yielding Ty = Tg(N = 704) = 0.147 and Ty(N = 77) = 0.156. We will
report the former value throughout this work since it is the value we expect in
the thermodynamic limit, but the difference is not very important, considering
that we have mainly focused on temperatures T < 0.1 in this manuscript.

Inherent Structure Energy. Given a set of N¢ equilibrium configurations,
we can extract ensemble averages. In particular, we calculate the ensemble-
averaged inherentenergy density, (ej,n) = (Einn)/N. Foreach configurationm
with particle coordinates Ry = (Fiy 1, i 2, - fm, ) We determine the nearest
inherentstructure,, Rinp - This is achieved by performing steepest descent with
a maximal step size per particle Ar = 0.01 to minimize the potential energy
Epot. Finally, we define £, = Z,’-’j V(rinh,j7)/2. as the potential energy of the
energy minimum.

Criteria for Equilibration and Sampling. Based on atime-dependent specific
heat ¢y (t) we have recently established a reliable and independent measure
to test whether an ensemble of supercooled liquid configurations represents an
equilibrium ensemble or not (27). Here, the "time" t = Mz corresponds to the
number M of configurations used for averaging, multiplied by the relaxation
time = used between the production of two independent configurations. To
define this measure we introduce the average, (X)y = M~ Z%:1 Xm ofan
observable X evaluated for configuration m. Using this definition, we obtain the
potential energy, (Epot) s and specific heat at temperature T, ¢y (t = Mz) =

((E2oom — (Epot)Zy)/ (NT?).
If a set of N¢ configurations represents an equilibrium ensemble, we expect
cy(t) to increase from ¢y (t) = 1, corresponding, by equipartition in a two-
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dimensional system, to thermal vibrations close to an arrested structure, and
reach a long-time plateau ¢y = cy(t — o0) that corresponds to the
equilibrium value of the specific heat. In the case that ¢, (t = Ncz) has
not yet reached a plateau, this clearly indicates that the set is not sufficiently
equilibrated (27). For N = 77, which was by far the most difficult system size
to equilibrate (by comparison with smaller N values) we observe from Fig. 1D in
the main text, that ¢/ (t) attains a plateau at all investigated temperatures. This
provides compelling evidence that we can create equilibrium ensembles down
to very low temperatures. This test fails whenever we do not use the combination
of Monte Carlo techniques described in the main text.

Numerical Techniques Enabling Equilibration Down to Zero Tempera-
ture. Equilibration is achieved by the unique combination of three different
Monte Carlo techniques: swap Monte Carlo (SMC) (21, 69, 74-76), parallel
tempering (PT) (36, 37, 77) and population annealing (PA) (38, 39, 78, 79).
Details about these methods and parameters used are described in detail in S/
Appendix. Here, we will give a brief introduction. All simulations are performed
using LAMMPS (80).

Swap Monte Carlo algorithm. SMC is based on the idea of accelerating
equilibration by swapping the positions of pairs of particles of different
types(21,74,75).The model introduced in the previous section was constructed
to enable the best usage of SMC via the insertion of the intermediate type, which
massively increases the swap probability (69).

Parallel tempering. The thermalized configurations at T = Tg by SMC are
then used as input for PT simulations. The main idea behind PT is to perform
parallelized SMC simulations of several replicas of the system (37). Each replica
evolves at a different temperature. Regularly, exchange events are attempted in
which two replicas exchange their current configuration, which is accepted via
the Metropolis acceptance criterion. If successful, configurations will travel in
temperature space by visiting different replicas (36, 77). Configurations origi-
nally simulated at a low temperature can thus randomly be exchanged between
replicas, relax at high temperature, and possibly travel back to low temperature.
This procedure has been shown to accelerate sampling in many instances.
Population annealing. Population annealing is based on using an initial set of
configurations, representing an equilibrium ensemble at temperature Ty and
perform successive reweighting and population resampling to create ensembles
at lower temperatures (38, 39, 78, 79).

We use the N, configurations sampled using the PT simulations described
above as input for PA in an attempt to reach even lower temperatures. In
population annealing step n, we choose a temperature Ty < T,_q slightly
smaller than T,_4 and assign the Boltzmann weight Wy = exp(—(8n —
Bn—1)Epot,m) to each configuration m in the population. Here, Epot,m is the

total potential energy of configuration m and g, = (kgTp)~" the inverse

temperature with kg = 1. Afterward, we create Ty = NcWp/ ZQL W
copies of configuration m. To maintain an ensemble of constant size N¢, we use
the "systematic resampling” scheme of ref. 79. We then use these annealed
configurations and perform short thermalization runs of 5 x 103 MD steps at
temperature Ty, using the SMC dynamics.

Configurational Entropy. We have used three different techniquesto evaluate
the configurational entropy.

Expansion near inherent structures. The idea of this method is to evaluate
the vibrational entropy syjass by first performing a harmonic approximation
around each inherent structure . Afterward, an anharmonic correction is applied
to improve the results. Combined with the measurement of the total entropy,
this procedure then allows to calculate the configurational entropy,

S¢ = Stot — 5glass~ [2]

Our methodology mainly follows the lines of ref. 42, but we had to derive
several finite size corrections which are relevant due to the small system sizes
investigated in the present work, compared to earlier efforts. Details are derived
in SI Appendix, containing refs. 42 and 81.

Expansion near equilibrium configurations: Frenkel-Ladd method. A major
disadvantage of the harmonic approach described above is that it relies on

https://doi.org/10.1073/pnas.2612355123

the concept of inherent structures . While well-established, it is desirable to
have an independent measure of configurational entropy. This can be achieved
by applying a method close to the one proposed by Frenkel-Ladd (FL) (54)
to compute the free energy of solids. While being physically similar to the
harmonic approach, the FL method calculates vibrational contributions via a
thermodynamicintegration froman Einstein solid withoutthe need to determine
inherent structures . In this approach, the configurational entropy is

SEE = Stot — E|Lass, 3]
where st is the total entropy derived above. The derivation of the Frenkel-Ladd
method in small systems is described in S/ Appendix, following ref. 82.
Enumeration of inherent structures. Atverylowtemperatures, the equilibrium
ensemble of thermalized configurations populates a small number of inherent
structures . This enables us to directly enumerate them (28). Since we have
direct access to the probability pm,(T) to observe inherent structure m at
temperature T, we can estimate the configurational entropy via the Shannon
entropy of the probability distribution in the canonical ensemble,

simh(r *—*me )Inpm(7) (4]

At higher temperatures we expect this measure to deviate from the true
configurational entropy, since we will not be able to enumerate all inherent
structures anymore. Therefore, we have not shown data for s'”h( T) above
T = 0.075in Fig. 2A.

Overlap and Franz-Parisi Potential. The overlap Q between two indepen-
dently sampled configurations Ry and R, with N particles is calculated as (83),

aD) = 4 L F(D) 5]

with the minimal distance between configurations D = (D4, Dy, ..., Dy).
Here, D is the distance vector between two configurations, D = (|ry ¢ —
111112 — rpali . Ir1y — ranl), where ry, ; is the position of pamcle i
in configuration m. The function F(x) € [0, 1] should be unity for very small
distances and quickly decays to zero for larger distances. We maximize the
overlap Q over possible translations 7, rotations R, and mirror transformations
M for the configuration Ry. Importantly, labeling of the particles in
configuration Ry is defined such that it minimizes the total distance, DD, via
the Hungarian algorithm (84), which gives rise to Dyyin. We therefore find

max  Q(Dpin)- (6]

1%

This expression defines the quantity analyzed throughout this manuscript. We
have chosen the specific form,

)\ x)?
F(x) = 1 (e<ao(7)) + e‘(ﬁ) ) , (7]

where a1 = 0.1 and ag(T) corresponds to the square root of the plateau
height of the mean-squared displacement at temperature T. None of the results
shown in this manuscript depend qualitatively on this specific choice of F(x), but
both terms together ensure a stable position of the potential minima observed
in Fig. 3A for the various temperatures by accounting for decreasing thermal
fluctuations as T — 0. Without the first term, at very low temperatures, all
overlapswould be @ = 1,and without the second term the small-Q peak shifted
strongly toward Q = 0.

We maximize the overlap by iterating over various transformations. In two
dimensions, we need to use three rotations (z /2, = and 3z /2) and four mirror
symmetries (x = 0,y = 0, x = y, and x = —y). We find the optimal
translation by making steps of Ar = 0.56¢7. This implies that we need to
verify (2L/c17)2 copies of configuration Ry. For each of these copies we apply
the Hungarian algorithm to find the minimal distance vector D between the
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copy and configuration Ry. Subsequently, we subtract the average distance, i.e.,
Dj — Dj— N1 >_; Dj. This step explains in hindsight why it is sufficient to
validate translations in coarse steps Ar: If two configurations strongly overlap,
all particles will have the identical distance, which will then be removed in the
subsequent correction step. Using the corrected distance vector, we calculate Q
and finally choose the maximum after iterating over all copies.

The optimization procedureisillustratedin S/Appendix, Fig. S5A. It shows how
two seemingly very different configurations are actually the same after mirroring
the x—coordinates and shifting. The above algorithm iteratively validates various
possibilities and determines the optimal transformations and shift.

We extract the overlap Qmn by selecting Ns = 103 independent
configurations Ry and, similarly, Ns independent configurations Ry. It has been
ensured that Ry and Ry originate from two independent SMC+PT+PA runs.
We can thus exclude the possibility that large overlaps stem from insufficient
sampling or slow decorrelation within a single run.

Finally, we calculate the quenched Franz-Parisi potential,

N. N.
»I S S
ﬁV(O) = —mrn2::1|n Eé(O—Omn) ' (8]

where the s—function is discretized with a bin size AQ = 0.01. The term inside
the logarithm is the histogram of overlap values sampled for a given reference
configuration m, and the first sum averages overindependent m configurations.

In addition to the Franz-Parisi potential shown for N = 55 in Fig. 34, we
show the ones extracted for N = 44 and N = 77 in SI Appendix, Fig. S5 B and
C, respectively. While all systems show a clear transition at a critical temperature
Tk (which depends on N) the potentials ook quantitatively slightly different. This
is mainly caused by the local minima observed in S/ Appendix, Fig. S5 Band C.
These local minima correspond to configurations coming from related families
with overlaps Q which are between Qjiq and Qgjags (see Fig. 4 and discussion).

For N = 55 only one family contributed at lower temperatures, giving the
Franz-Parisi potential a simpler shape without local minima.

Transitions such as shown in Fig. 3 have only been observed for structural
glass-forming liquids using biased Monte Carlo simulations (58) or systems
with pinned particles (85). Here, we find it using a large set of independent
equilibrium structures in the bulk.

Constructing Families of Low-Energy States. Using Eq. 6 we calculate
the overlap between all the low-energy states analyzed in Fig. 4 of the main
manuscript. The ground state defines the first family (yellow sphere in Fig. 44).
Subsequently, we iterate overall low-energy states, sorted by energyand starting
fromthe groundstate. Ifthe state hasan overlapQ < 0.8 withall previouslyiden-
tified family members, a new family is created and the current state is identified
as the family minimum (light green spheres in Fig. 44). If it has an overlap
Q > 0.8 with one of the family minima it is instead identified as an excited
state and included into an existing family, chosen from the state with which
it has the largest overlap.
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Each state is characterized by its inherent energy difference, A&y, = Einp —
Eqs, where Eqs is the ground state energy (shown in Fig. 4C). Each family
has an excitation energy Afg, = Egay — Egs, Where Egyp is the energy
of the family minimum (shown in Fig. 4D). Finally, each state also has an
excitation energy Afipya = Einh — Efam, denoting its energy relative to the
family minimum (shown in Fig. 4E). As a consequence, the energy difference
to the ground state is formed by adding the two individual excitation energies,
Afjgh = Ak + Afintra-

To create the tree-based and hierarchical representation in Fig. 4 A and B
we use the k-Medoids clustering algorithm provided by the python library
FasterPAM (86). This clustering algorithm is usable for non-Euclidean metrics
such as the overlap Q. Different from typical clustering algorithms, the non-
Euclidean nature of Q requires the most central point within the cluster to be
an actual object, also called the medoid. The total number of clusters (and
thus medoids) is set to equal the number of families found using the procedure
described above. Inthe k-Medoidsalgorithm the medoids are iteratively adapted
to minimize the total distance of each object to the nearest medoid. We then
order the states within one family according to their inherent energies.
Subsequently, families themselves are clustered if the states belonging to each
of the families have an average overlap @ > 0.25. The final order of states is
thusiteratively determined by starting with the state with lowestinherentenergy
(i.e., the ground state in the first iteration), followed by the states belonging to
the same family. Then we include all those states that belong to families which
are similar to the selected family. This procedure is iterated until all states have
been selected.

Data, Materials, and Software Availability. The low-temperature configu-
rations and the code to extract configurational entropies and Franz-Parisi free
energies will be uploaded on Zenodo (87).
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